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1 Limits and Convergence

1.1 Review of Numbers and Sets

Notation. Write sequences as: an, (a5)52 1, an € R

Definition. We say that a,, — a as n — oo if given € > 0, 3N s.t. |a, —a| < e for all n > N

Note. N = N(g)

Definition (increasing sequence). @, < Gp41

Definition (decreasing sequence). a, > a,11

Definition (strictly increasing sequence). a, < Gp+1

Definition (strictly decreasing sequence). a, > apt1

Note. Say monotone if stays increasing or stays decreasing

1.2 Fundamental Axiom of the real numbers

Axiom. If a, e R,Vn > 1, A€ R and a1 < as < a3z < ... with a,, < A for all n, there exists a € R
s.t. a, - aasn — oo

i.e. an increasing sequence of real numbers bounded above converges.

Note. Equivalently: a decreasing sequence of real numbers bounded below converges
Equivalent also to: every non-empty set of real numbers bounded above has a supremum

Notation. Say LUBA = Least Upper Bound Axiom.

Definition (supremum). For S C R, S # &, sup S = K if
(i) z<K,Vz €S
(ii) givene > 0,3z € S, s.t. . > K —¢

Note. Supremum is unique (see N&S notes), infinimum defined similarly.




Lemma 1.1.
(i) The limit is unique. That is, if a,, — a, and a,, — b, then a = b
(ii) If @, = a asn — co and ny < ng < ng < ..., then a,, — a as j — oo (subsequences converge
to the same limit)
(iii) If a,, = C Vn, then a,, - C as n — oo
(iv) If ap — a & b, — b, then
ap +b, >a+b

(v) If a, = a & b, — b, then
anb, — ab

(vi) If ap, — a, a, # 0 Vn&a # 0 then

ISR

1
— =
an

(vii) If a,, < A Vn and a,, — a, then a < A

Proof.
(i) given € > 0, Ing s.t. |ap, —a| <eVn >ny
and Ing s.t. |a, — b < eVn > noy
Let N = max{nj,ns}. Then Vn > N

la —b| <la, —a| +|a, — b <2eVn >N

If a # b, take
— 2
e = "‘3b| = Ja—b| < gla—b %

(ii) Given e > 0,3N s.t. |a, —a| < eVn > N. Since n; > j (induction),

lan, —a| <eVj >N
Le. ap; —aasj— oo
(iii) Exercise.
(iv) Exercise.
(v)
|anby, — ab| < |anby, — anb| + |anb — ab|
= |an|[bn — b] + |bl|an — al
As a, — a, given € > 0, ANy s.t. |a, —a| <eVn > Ny (¥)

As b, — b, given € > 0,3N; s.t. |b, —b| < eVn > Ny
(*) = ifn> Ni(1), |a, —a|] < 1, so:

|an| <la| +1

= |anby, —ab| <e(|a| + 1+ |b]) Vn > N3 = max{N1(1), N1(e), Na2(e)}

(vi) Exercise.
(vii) Exercise.




Lemma 1.2. |
— > 0asn— o
n

Proof. 1/n is a decreasing sequence bounded below so by the fundamental Axiom it has limit
a.

Claim. a =0

Proof.

a

2

by lemma 1.1(v)

But % is a subsequence, so by 1.1(ii) % — a. By uniqueness of limits, lemma 1.1(i),

we have a
a:§ — =00

Remark. The definition of limit of a sequence makes perfect sence for a, € C

Definition. a,, — a if given € > 0, IN s.t. Y¥n > N, |a, — a| < e.
First six parts of Lemma 1.1 are the same over C.
The last one does not makes sense (over C) since it uses the order of R.




1.3 Bolzano-Weierstass Theorem

Theorem 1.3 (Bolzano-Weierstass). If z,, € R and there exists K s.t. |z,| < K Vn, then we can
find ny <nz <nz3 <... andzr € Rst. z,, > xasj— oo
In other words: every bounded sequence has a convergent subsequence.

Remark. We say nothing about uniqueness of limit, =, = (=1)", zop+1 — —1, T2, — 1

Proof. set [a1,b] = [-K, K]

I Il |
T T 1

@ c b1

C = mid point
Consider the following cases:
(i) @, € [a1,c] for oo many values of n
(ii) @y € [¢,b1] for oo many values of n
(i) & (ii) could both hold at the same time.
If (i) holds then we set az = a1 and by = C. If (i) fails, we have that (ii) must hold and we
setaQZC&bgzbl
Proceed inductively to construct sequences a,, b, s.t. x,, € [an,b,] for infinitely many values
of m.

Gn-1 < ap < bn < bnfl

bn—l — Qp—1

2

b —an =

Note. Called ‘bijection method’ or “lion hunting”

a,, increasing sequence and bounded
b, decreasing sequence and bounded
By the Fundamental Axiom,
an — a € [ay, by]

bn —be [al,bl]

Use (%),
b—a

2

— b—ua

b—a=

Since ,,, € [an,by] for oo many values of m, having chosen n; s.t. x,, € [aj,b;], there is
Nj+1 > Ny s.t. Tjy1 € [aj+1,bj+1}

(I have an “unlimited supply”)
Hence

aj < Tn; < bj

= T, — all

1.4 Cauchy Sequences

Definition. a, € R is called a Cauchy sequence if given ¢ > 0, IN > 0s.t. |ap—ap,| < eVn,m > N




Lemma 1.4. A convergent sequence is a Cauchy sequence.

Proof. if a,, — a, given € > 0, AN s.t. Vn > N, |a, —a| < e
Take m,n > N,
lan — am| < |an — a| + |am — a| < 2e0

Theorem 1.5. Every Cauchy sequence is convergent.

Proof.

Claim. If a, is Cauchy, then it is bounded.

Proof. Take e =1, N = N(1), in the Cauchy property, then
lan, — am| < 1, ¥Yn,m > N(1)

lam| < |am —an| + |lan| <1+ |an|Vm > N

Let K = max{1l + |an]|,|an|,n=1,2,...N — 1}
Then |a,| < KVn v
By the Bolzano-Weierstrass theorem,

Ay, —> Q

Claim. a, — a

Proof. Given € > 0, Jjg s.t. Vj > jo
lan; —a| <e

Also, 3N (g) s.t. |am — an| < eV¥m,n > N(e)
Take j s.t. nj > max{N)e),n;,}
Then if n > N(e),
lan — a| < lan — an;| + an; —a| < 2¢0

Remark. Thus on R a sequence is convergent iff it is Cauchy.
“Old-fashioned name”: “the general principle of convergence”

Note. This is a useful property since we do not need to know what the limit is.




1.5 Series

(oo}
Definition. a,, € R,C. We say that ) a; converges to s if the sequence of partial sums
j=1

N
SNy = Zaj — s
=1

as N — oo
(o)

We write ) a; = s
Jj=1

o)
If S does not converge, we say that ) a; diverges.
j=1

Remark. Any problem on series can be turned into a problem on sequences just by considering the
sequence of partial sums.

Lemma 1 6.

(i) If Z a; & Z b; converge, then so does Z (Aaj + pbj) where A, u € C
i=
(i) Suppose 3N s.t. a; = b;Vj > N, then either E a; & > b; both converge or both diverge
j=1 Jj=1
(initial terms do not matter)

Proof.
(i)

Sy = a(Aa; + pbj)

M-

1

’ N N
=\> @i +pY b
j=1 j=1

= Aeny + pdy
¢y — c&dn — d so by lemma 1.1 (version C), sy — Ac+ ud

(i) n > N
N—

n
Sn Z a; +
= b= 0
1 1

,_.

2

(as aj = bj for j > N)
S0 s, converges iff d,, does. [




1.5.1 The Geometric Series

Claim. The geometric series converges iff |z| < 1

Proof. Set a, =2" —1n>1

Then

if || <1, 2" — 0 and S, — 1
ifx>1, 2" > c0&S, -
if x < —1, S,, does not converge (oscillates)

. 1 for n odd
ifz=-1,s=
0 for n even

Note. Say S, — oo if given A, AN s.t. S, > A, Vn > N
S, — —oo, if given A, AN s.t. S, < —Aforalln > N
If S,, does not converge or tend to oo, we say that S, oscillates.

Claim. 2" — 0 if |z| < 1

Proof. Consider the case 0 < x < 1 and we write % =16,06>0

So:
1 1

<
Ato)yr ~1ton

because (1 +6)™ > 1+ nd (from the binomial expansion)

n

0

Lemma 1.7. If ) a; converges, then:

J=1

Proof.

Qp = Sn - Sn—l

So if S,, — a then a,, — 0 (since S,,—1 — a also)




Remark. The converse of 1.7 is false! Shown by example below:

(o)
Claim. ) 1 diverges (harmonic series)
1

Proof.

1 1 1 1
Son =98, +——+—— b —— > 5, =
2 +n+1+n+2+ +n+n> +2

Since %Hc > % for k=1,2,...,n
So if S,, — a, then S5,, — a also and thus

1
a2a+§>3€<

1.5.2 Series of Positive/ Non-negative terms

Theorem 1.8 (The Comparison Test) Suppose 0 < b, < a,Vn
Then if Z a, converges, so does Z bn

N
Proof. Let Sy = > ay,
1

N
dN :an
1
by, <a, = dy < Sy
But Sy — S, then
dy < Sy < SVN

and dy is an increasing sequence bounded above = dy converges []

An example using this below:




n
Claim. Y -; converges
1

Proof.

1
=1—— —>las N —

n
By comparison, Y -5 converges
1

n
In fact, we get 3 5 <14+1=2
1

Note. Converges to %2 but we do not prove that here.

Theorem 1.9 (Root test/ Cauchy’s test for convergence). Assume a,, > 0 and at/™ = a as n — 0.
Then if a < 1, > a,, converges; if a > 1, > a, diverges

Proof. If a < 1, choose a <7 < 1.
By definition of limit,
iN s.t. Vn > N

ai/"<r = a, <r"

But since r < 1, the geometric series Y 7™ converges = by Theorem 1.8, > a,, converges.
If @ > 1, then for n > N,

a/">1 = a, >1

Thus Y a, diverges (since a, does not tend to zero). O

Remark. Nothing can be said if a = 1, see examples later.

10



Theorem 1.10 (Ratio test/ D’Alanbert’s test). Suppose a, >0 and 2= — |
Ifl <1, a, converges.
Ifi>1, > a, diverges

Proof. Suppose [ < 1 and choose r with | <7 < 1
Then N s.t. Vn > N,

anJrl
Qnp

<r

Therefore “ a a

a, = —= n-l N+1aN <anr" N, n>N

Ap—1 Gp—2 an
= a, < Kr"

with K independent of n
Since > r™ converges, so does Y a, by Theorem 1.8
If Il > 1, choose 1 < r <1
Then *2 > r¥n > N
And as before: “ a “

Ty = —— nolo N+1aN >an™ N, n>N

So > a, diverges. [

Remark. Nothing can be said if a = 1.

o0
Examples: Consider ratio test for series ) 7%
1

n+1?1_n+1_%1<1
o+l o 92n 2

So we have convergence by the ratio test.

The following examples show limit 1 inconclusive:

n
1 .

> o diverges,

1

N1

> -z converges,

1

Since n'/™ — 1 as n — 00, root test is also inconclusive when limit = 1.

To see this limit, write
n/m" =146, 86>0

n(n — 1)52

n=(1+0d,)"> 5 =

(binomial expansion)

=>5§<i1 — 6, =0
n_




Another root test example:
o]

Z n+1
1
SO converges.

3n+5

n
] , root test gives:

n—+1
3n+5

%
3

Theorem 1.11 (Cauchy’s Condensation Test). Let a, be a decreasing sequence of positive terms.

o0
Then Y a,, converges iff
1

o0
> 2™agn converges.
1

(*1)

(x2)

N
Z 2”_1a2n S
n=1

n=1
Conversely, assume »_ 2"agn converges.

2N N 2N
doam=> >
m=2

N

m=1

n=1m=2n-141

Proof. First we observe that if a,, is decreasing:

age < Agr-1,; < agr-1, 1 <i < 281 (any k > 1)

o0
Assume now that Y a,, converges with sum let’s say A
1

Then,
271,
2n_1a2n = agn +"'+a2n S a2n_1+1 +a2n_1+2—|—~-—|—a2n = E Am
v (*1 —on—1
27—1 times m=2 +1
Thus

n=1 m:2n—1+1

N 20
= ZQ"(LQn <2 Z am < 2(A—aq)
n=1 m=2

N
Thus ) 2"agn~ increasing and bounded above, converges.

N
Ay < Z 2" 1lay.1 < B

n=1

= > ayp is a bounded increasing sequence and thus it converges [J

12




Example/ Application
x> 1

> —F converges iff k> 1 (for k > 0)

NG

an

Decreasing sequence of positive terms as:

1 1 n \* n
— < = <l &= — <1
(n+1)k " nk n n+

1 k
MM gon = 27 | — — 2n7nk _ 217k n

And Y r™ converges iff r < 1.
= Y & converges iff 217 < 1iff k> 1

1.5.3 Alternating Series

Theorem 1.12 (The alternating series test). If a,, decreases and tends to zero as n — oo, then the

o0
series >_(—1)"*ta, converges
1

Proof.
Sn =a1—az+---+ (_1)n+1an

Son = (a1 — az) + (a3 — aq) + - + (agn_1 — agn) > San_2
Son = a1 — (az - a3) - (a4 - (15) - (a2n—2 - a2n—1) —azp < ap

So Ss, is increasing and bounded above — S5, — S
52n+1 = SQn T A2n+1 — S+0= S

This implies that S,, converges to S as:
given € > 0, Ny s.t. Vn > Ny, |Sa, — S| < ¢
dN3 s.t. Vn > Na, |Sgn+1 = S| <eg
Take N = 2max{Ny, No} +1
Then if k > N —
|Sk—S|<E7 so S — S

(—1)n+1

[ee]
Note. e.g. > converges
1

n

1.5.4 Absolute Convergence

(ee]
Definition. Take a, € C. If Y |a,| is convergent, then the series is absolutely convergent
n=1

Note. Since |ay| > 0 we can use th previous tests to check absolute convergence; this is particularly
useful for a,, € C.




Theorem 1.13. IF oa, is absolutely convergent, then it is convergent.

Proof. Suppose first that a,, € R

Let
an if a,, >0
Vp =
0ifa, <0
0ifa, >0
Wy, =
—ap ifa, <0
o |an| + an _ lan| —an
n — 2 I’ n — 2

Clearly, v, w, > 0,
Up = Up — Wn, |an| = VUp + Wy > Un, Wn,

If > |an| converges, by comparison, Y v,, Y w, also converge
= E a,, converges

If a,, € C, write a,, = x,, + iy,
[Znl; [yn] < lanl

= > ., yn are absolutely convergent, — > x,,> . y, converge, since a, = =, +
iYyn, =—> > ay converges as well [

Examples.
i) > % converges, but not absolutely convergent

(i)
g =y )

= if |z| < 2, convergence of (*) and hence absolute convergence.
if |z| > 2, then |a,| > 1, so a,, foes not tend to zero = }_ 57 diverges

Definition. If  a, converges but > |a,| does not, it is said sometimes that » a,, is conditionally
convergent.

Note. “conditional”: because the sum to which the series converges is conditional on the order
in which the elements of the sequence are taken.
If rearranged, the sum is altered.

14




Example.

Foos
1 1 1 1 1 1 1 1

I+ =4ttt ———+...

3 2 5 7 4 9 11 6
Let s)n be the partial sum fo (I) and ¢,, be the sumpartial sum of (II)

Sn —>5>0

t—>38
" 2

Definition. Let o be a bijection of the positive integersm

[
a,, = ag(n)

is a rearrangement.

Theorem 1.14. If > ° a,, is absolutely convergent, every series consisting of the same terms in any

order (i.e. a rearrangement) has the same sum.

Proof. We do the proof first for a,, € R.
Let > al, be a rearrangement of 3 a,. Let

n
Sy, :Zan
1
n
tnzza%
1

Suppose first that a, > 0
Given n, we can find ¢ s.t. S, contains every term of ¢,
Since a,, > 0,

th <8q<s

As n — oo, t, — t (increasing sequence bounded above) =—-
s<t = s=1t
If a,, has any sign v,, and w,, from Theorem 1.13

N |an| + an _ lan| — an
n 2 ) n 2

Consider, Y al, > v, > wl,
that

Zv;:Zvn,Zw; :an

and the claim follows since a,, = v,, — wy,
For the case a,, € C, write a,, = x,, + iy,
Since |zp|, [yn| < |lan] = > Zn, Y yn are absolutely convergent.

O

By symmetry,

Since Y |ay,| converges, both > v,, Y w, converge, now use the case v,,w, > 0 to deduce

Then by the previous case >z}, = > @, and > yl, = > y,. Since al, = x,, +iy,, > an = Y. a,

15




2 Continuity

E C C non-empty, f : E — C any function, a € E
(includes case in which f is real valued and E is a subset of R)

Definition. f is continuous at ac E if for every sequence z,, € E with 2z, — a, we have f(z,) —

f(a)
Equivalently below:

Definition. f is continuous at a€ E, if
given € > 0, 30 s.t. if [z —a| < f, then |f(2) — f(a)| <e

(e-f definition)

Claim. Two definitions equivalent

Proof. 2" — 15

We know that given € > 0, 30 > 0, s.t. |z —a| < f, z € E, then |f(z) — f(a)| < e.
Let z, — a.

Then dng s.t. Vn > ng we have

‘Zn_a|<6 = ‘f(zn)_f(a)|<€

15t — ond;
Assume f(z,) — f(a) whenever z, — a (2, € E). Suppose f is not continuous at a, according
to 274 definition.

de >0, s.t. |z —al <0 and |f(2) — f(a)] > € *

Let 6 = L, from (*) we get z, s.t. |2, —a| < L and |f(z,) — f(a)| > &
Clearly z,, — a, but f(z,) does not tend to f(a) because |f(z,) — f(a)| > X

Prop 2.1. a € E, g,f : E — C continuous at a. Then so are the functions f(z) +
9(2), f(2)g(z) & Af(z) for any constant. In addition if f(z) # 0 Vz € E, then % is continuous
at a

Proof. Using 1% definition, this is obvious using the analagous results for sequences (Lemma
1.1) e.g.

f(zn) + 9(zn) = fla) + g(a) if 2, = a, f(zn) = f(A) & g(2n) = g(a) etc. O

Example. The function f(z) = z is continuous, so using the proposition we derive that every
polynomial is continuous at every point in C

Note. We say f is continuous on F if it is continuous at every a € E.

16



Remark. Still it is instructive to prove above prop directly from the e — § definition

Next we look at compositions

Theorem 2.2. Let f : A —» C and g : B — C be two functions s.t. f(A) C B. Suppose f is
continuous at a € A and g is continuous at f(a). Then go f : A — C is continuous at a.

B

Qe

Proof. Take any sequence z, — a. By assummpion, f(z,) — f(A4). Set w, = f(z). then
wy, € B and w, — f(a); thus
9(wn) — g(f(a))O

17




Examples.

(i)

fR—=R
. sin(%) x#0
f(x)_{o z=0

(sin(z) continuous proved later)
if x # 0, then 2.1 and 2.2 imply that f(z) is continuous at every x # 0.

Discontinuous at 0:
I (2n + l)w
Ty 2

flxzn) =1, &, — 0 but f(0) =0

fPR—=R

~Jasin(2) z#£0
f(x)_{o z=0

f is continuous at 0:
take x,, — 0, then

1
f(zn)| < |zn| because |sin<;>| <1

= flan) = 0= f(0)

f<x>={1 P

(iii)

0 z¢Q

Discontinuous at every point:
if x € Q, take a sequence x, — = with x, € Q, then

fl@n) =07 f(z) =1

Similarly, if ¢ Q, take a sequence x,, — = with z,, € Q, then

L= f(wa)  £(@) =0

18




2.1 Limit of a function

F:ECC—C
We wish to define what is meany by
lim f(z)
even when a might not be in F e.g.
limit at z — OSIEZ E=C\{0} a=0
Also if
EUIL2]

it does not make sense to speak about z €, z #0,z — 0

| [
| [

0 1 2

~

Definition. £ C C, a € C. We say that a is a limit point of E if for any § > 0,3z € E s.t.

0<|z—al<d

Remark. ¢ is a limit point iff 3 a sequence z, € E s.t. 2z, — a and 2, # a for all n. (can check
equivalence)

Definition. f: E C C — C, let a € C be a limit point of E.
We say that
lim f(z) =1
(f tends to [ as z tends to a)
If given € > 0, 3§ > 0 s.t. whenever 0 < |z —a| < and z € E, thenn |f(2) —I| <&
Equivalently: f(z,) — [ for every sequence z, € E, z, # a and z, — a
(proved exactly the same as previously with 2 definitions of continuity).

Remark. Straight from the definition, we have if a € F is a limit point, then

lim f(z) = f(a) <= f is continuous at a

z—a

If a € E is isolated (i.e. a € E and is not a limit point), continuity of f at a always holds.

19



The limit of functions has very similar properties to the limit of sequences
(i) it is unique f(z) = A, f(z) > Basz—a

|A—B| < |A—-f(2)[+|f(z) — B
if z€ Eiss.t. 0<|z—al<di,ds, then
|A-B| <2 = A=1B

(the existence of such z is a consequence of the condition that a is s alimit point of E)
(ii) f(2)+g(z) > A+ Bif f(z) = A, g(2) > Basz—a
(iii) f(z)9(z) — AB
(iv) if B#0, {2 - 4
all proved in the same way as before.

2.2 The Intermediate Value Theorem

f(0)

20



Theorem 2.3. f : [a,b] — R continuous and f(a) # f(b). Then f takes every value which lies
between f(a) and f(b).

Proof. Without loss of generality, we may suppose f(a) < f(b).
Take

fla) <n < f(b)
Let
S={zela,b]: f(z) <n}
a €S, s0 S8 # @. Clearly S is bounded above by b.

Then there is a supremum C where C' < b. By definition of the supremum, given n, there
exists x, € S s.t.

1
C——<z, <C
n

So, z,, — C. Since z,, € S,
flzn) <n
By continuity of f, f(x,) — f(C).
Thus
f(C)<n (*)
Now observe that C' # b, for if C' = b, then f(b) < n by (*) which is false.

[ |
[ [

]
a o b

Then for n large

1 1
C+=-¢€la,bland C+ — — C
n n
Again by continuity f(C + %) — f(C). But since
1 1
C+~->C, f(C+-)=n
n n

Thus
f(C)zn = f(C)=n0

Remark. The theorem is very useful for finding zeros of fixed points.

Example. Existence if the N-th root of a positive real number
flz)y=2", >0

Let y be a positive number.
f is continuous on [0,1 + y]
0=f(0)<y<(@+y™=rf1+y)

By the IVT, 3C € (0,1 +y) s.t. f(C)=yie. CN =y
C is a positive N-root of y.
Uniqueness: if d¥ =y with d > 0 and d # C, wlog suppose d < ¢

N

= d¥ <N = y<yX
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2.3 Bounds of a Continuous Function

Theorem 2.4. Let f : [a,b] — R be continuous. Then there exists K s.t.

|f(z)| < K Vz € [a,b]

Proof. We argue by contradiction.

Suppose statement is false. Then given any integer n > 1, there exists z,, € [a,b] s.t. |f(z,)| >
n.

By Bolzano-Weierstrauss, z,, has a convergent subsequence x,, — .

Since a < x,,; < b, we must have x € [a,b]. By continuity of f,

f(@n;) = f(x)

But
|f(@n,| > n; = o000

Theorem 2.5. f :[a,b] — R continuous. Then 3z1,z2 € [a,b] s.t.

f(z1) < f(x) < f(22) Vo € [a,b]

“A continuous function on a closed, bounded interval is bounded and attains its bounds.”

Proof (15%). Let
A={f(z):c€[a,bl} = f([a,b])}

By Theorem 2.4, A is bounded. Since it is clearly non-empty, it has supremum, M.
By definition of supremum,

1
given integer n > 1, 3z, € [a,b] s.t. M — — < f(z,) < M *
n

By Bolzano-Weierstrass,
3z, — = € [a,b]

Since f(z,,;) — M (because *) and f is continuous, we deduce that f(z) = M so z = z.
Reason similarly for the minimum [

Proof (2").
A= f(la,b]), M = sup A

as before. Suppose Axs s.t. f(z2) = M.

Let
1

g(r) = ————, T €
is defined and continuous. By Theorem 2.4 applied to g,

a, b

JK > 0s.t. g(z) < K Vz € [a,b]

This means that f(z) < M — % on [a,b]. This is absurd since it contradicts that M is the
supremum [




Note. Theorems 2.4, 2.5 are false if the interval is not closed e.g.

ve 1], f@)=~

2.4 Inverse functions

Definition. f is increasing for x € [a,b] if f(z1) < f(z2) for all 1,29 s.t. a <1 <22 <D
If f(z1) < f(x2) we say that f is strictly increasing.
Similarly for decreasing and strictly decreasing.
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Theorem 2.6. f :[a,b] — R continuous and strictly increasing for = € [a, b].
Let ¢ = f(a) and d = f(b).
Then f : [a,b] — [c,d] is bijective and the inverse

g=f"":c,d] = [a,0]

is continuous and strictly increasing

Remark. A similar theorem holds for strictly decreasing functions.

Proof. Take c < k < d.
From the intermediate value theorem

I st. f(h) =k

@ h b

Since f is strictly increasing, h is unique.

Define g(k) = h and this gives an inverse g : [¢,d] — [a,b] for f. g is strictly increaseing:
Y1 < Y2

y1 = f(x1), y2 = f(x2)

If x5 < 21, since f is increasing
= f(x2) < flx1) = g2 <X

g is continuous:
Given € > 0, let
ki =f(h—e), k1 = f(h+¢)

f strictly increasing —
kl <k< k‘g

If k1 <y < ko then
h—e<gly)<h+e

0= min{k;2 — k,k — kil}

(here k € (¢, d) but a similar argument establishes continuity at the end points (can check))

—————————
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3 Differentiability

Let f: E C C — C, ost of the time E = interveral C R

Definition. Let = € E be a point s.t. x,, € E with z,, # z and x,, — = (i.e. a limit point)
f is said to be differentiable at « with derviative f’(z) if

i @) — f@)

y—=zr Y —z

= f'(=)

If f is differentiable at each = € E, we say f is differentiable on FE

Note. Think of F as an interval or disc in the case of C

Remark.
(i) Other common notations:
dy df
dz’ dz
(i)

F(a) — tim FE D) = 1(@)

h—0 h
(y =2 +h)
(iii) “Another important look at the definition:”
Let
e(h) = f(z+h) = f(z) - hf'(2)
then )
. €
O
fla+h) = f(z) + hf'(z) +e(h)
T

linear as h — hf'(z)

Definition (alternative). f is differentiable at z if 3A and ¢ s.t.
flx+h)= f(z)+hA+e(h)

where h
. e(h)
L

If such an A exists, then it is unique, since

g T ) = £(@)
h—0 h
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Remark.
(iv) If f is differentiable at = then f is continuous at z as since £(h) — 0,

fx+h)— f(x) ash —0
(v) Another alternative way of writing things:
f(z+h) = f(2) + hf'(z) + hes(h)

with ef(h) - 0ash — 0

f(@) = f(a) + (z — a)f'(a) + (z — a)es(2)
with
iilg Ef (ac) — 0
Example.

fl@)=lz|, f:R—>R

Y
T
0
f@)y=1ifz>0
fx)-=1ifz <0
Take h,, — 0 from above:
tim L) = SOy Bn
n— 00 hn, n
Take h,, — 0 from below:
. f(hn) = fO) o —hy
nh_{go I = lim oo —1

So not differentiable at x = 0
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3.1 Differentiation of Sums, Products, etc.

Prop 3.1.
(i) IF f(z) = ¢ Vx inE, then f is differentiable with f'(z) =0
(ii) f,g differentiable at x, then so is f + g and

(f+9) (@) = f'(z) +9'()
(iii) f,g differentiable at z, then so is fg and
(f9)'(x) = f'(2)g(=) + f(9)g ()
(iv) If f is differentiable at « and f(z) # 0 Va € E, then 1/f is differentiable at « and

Proof.
(i) oo
gy =
(i)
i JE D) T gt ) = f@) —g@) @R = f@)
h—0 h h—0 h h—0
= f'(z) +4'(x)
(iii)
o(z) = f(z)g(x)
px+h)—o(x)  flz+h)gx+h)—flz)g(z)
h h
= f'(2)9(@) + f(2)d (x)
using standard properties of limits and the fact that f is continuous at x
(iv)
¢(z) =1/f(x)
px+h) —¢(x) 1/flx+h)—1/f(x)
h h
_f@)—flz+h)  f=)
S W@ P

Remark. From (iii) and (iv) we immediately get

(f (w))' f'(@)g(x) — f(2)g'(z)
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Example.
flz)=2", n€Z, n>0

n=1

Clearly f(z) =z, f'(x)=1

Claim.

Proof. Induction:

Using prop 3.1

So can differentiate polynomials, rational functions v




Theorem 3.2 (Chain rule).
f:U—=C

is s.t.
flx)eV VeV

If f is differentiable at a € U and g : V — C is differentiable at f(a), then go f is differentiable at a
with
(g0 f)(a) = f'(a)g'(f(a))

Proof. We know:

where
lim e¢(2) =0
9(y) = g(b) + (y = b)g'(b) +4(y)(y — b)
where
ilg})sg(y) =0
b= f(a)
Set

ef(a) =0 & g4(b) =0
to make them continuous at x = a and y = b.

Now y = f(x) gives

9(f(x)) = g(b) + (f(x) = b)g'(b) +&4(f(2))(f(x) =)
g( (@) + [(z — a) f'(a) + ef(2)(x — a)][g'(b) + £4(f ()]
+(z —a)f'(a)g'(b) + (z — a) [ ()g'(b) + £4(f(2))(f'(a) + ¢ ()]

o(z)

o(z) =es(@)g )+ &(f(2)  (f(a) +e4(2))
—— —_———

0 0 as continuous comp. f'(a)

SO

il_l)rlll o(x) =0
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Examples.

(i)
f(z) = sin(z?)
(sinz)" = cosz
(to be seen later)
f'(z) = 2z cos(2?)
(i)
. sin(%) x#0
o= w20

(this is continuous at every z)
differentiable at every x # 0 by the previous theorem.

Atz =0, .
f(xa)c : (];(0) _ xsmﬂ(tl/x) — L)
i L0210

x—0 ,(L’—O

does not exist = f is not differentiable at z = 0.
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3.2 The Mean Value Theorem

Theorem 3.3 (Rolle’s Theorem).
fila,b] = R

continuous on [a, b] and differentiable on [a,b). If f(a) = f(b),

Je € (a,b) s.t. f'(c) =0

Proof. Let
M = max f(z), m = min_ f(z)
z€[a,b] z€|a,b]

Recall (Theorem 2.5) that these values are achieved.
Let k = f(a). If M =m =k, then f is constant and f’(c) =0 Ve € (a, b)
Then M > k or m < k. Suppose M > k
By Theorem 2.5,
dest. f(e)=M

If f'(c) > 0, then there are values to the right of ¢ for which f(z) > f(c) since
flx+h) = f(z) = h(f'(c) +&(h)) > 0
Since e(h) — 0 as h — 0 and thus
f'(z) +&(h) > 0 if h small

This contradicts that M is the maximum.
Similarly, if f’(c) < 0, 3z to the left of ¢ for which f(z) > f(c)

= f'(c) =00

Note. A simple tweak gives below:
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Theorem 3.4 (The Mean Value Theorem). Let f : [a,b] — R be a continuous function which is

differentiable on (a,b). Then Jc € (a, b) st.

f®) = fa) = f'(c)(b—a)

Proof. Write

Choose k s.t. ¢(a) = ¢(b)
= f(b) —bk=f(a) —bk = k=

By Rolle’s theorem applied to ¢
Jec € (a,b) s.t. ¢'(c) =0

ie. f(z)=kO

Remark. We will often write
fla+h) = f(A)+ hf'(a+06h)

6 (0,1)
(b=a+h
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Corollary 3.5. f :[a,b] = R continuous and differentiable on (a,b). Then we have
(i) If f'(z) > 0 Vz € (a,b), then f is strictly increasing on [a, b]
(i.e. if b >y > x > a, then f(y) > f(x))
(i) If f'(z) > 0 Vz € (a,b), then f is increasing (i.e. if b >y > x > a, then f(y) > f(z))
(iii) If f'(x) = 0 Va € (a,b), then f is constant on [a, b]

Proof.
(i) Have
fy) = f(@) = f )y —=) c€ (z,9)
from MVT

fl0)>0 = f(y) > f(z)

(ii) same: but f'(c) >0 = f(y) > f(z)
(iii) Take = € [a,b]. Then use MVT in [a, z] to get = € (a,z) s.t.

f(@) = fla) = f'(@)(x—a) =0

= f(z) = f(a) = [ is constant[]

Remark. We have similar statements for decreasing functions




3.3 Inverse Rule/ Inverse Function Theorem

Theorem 3.6. f : [a,b] — R continuous and differentiable on (a,b) with
f'(z) > 0Vz € (a,b)

Let f(a) = c and f(b) = d. Then the function f : [a,b] — [c,d] is bijective and f~! is differentiable
on (c¢,d) with
1
—1y/
T)= ———
U@ = m@)

Proof. By corollary 3.5, f is strictly increasing on [a,b]. By Theorem 2.6
g : [¢,d] — [a, b]

which is continuous, strictly increasing inverse of f.
RTP: g is differentiable and ¢'(y) = ﬁ where y = f(z), z € (a,b)
If k # 0 is given, let h be given by

y+k=f(x+h)

That is, g(y + k) =z +h, h#0
Then
gy +k)—gy) T+h—ua 1

k T f@th) —f@)  F@)

Let k — 0, then h — 0 (g is continuous)

; . gly+k)—g(y) 1
W =T~

Example.
g(x) = '/

(z > 0, ¢ positive integer)
flz) =27 (9(f(z) = x)
f(z) = gz

Since f is differentiable, so if g and by the inverse rule

1 1
/ - - _ ~.1/¢-1
90 = sy = ¢

Now if g(x = 2P/9 (p integer, ¢ positive integer)
We can find ¢’(z) by using the chain rule

g(z) = (aP)V1 = (Y 1)P

We find (can check)

So, if g(z) =2" r € Q
then ¢/(z) = ra" !

34



Remark. Suppose f, g : [a,b] = R are continuous, differentiable on (a,b) and g(a) # g(b). Then the
MVT gives us s,t € (a,b) s.t.

Cauchy showed that one can take s =t

Theorem 3.7 (Cauchy’s mean value theorem). Let f,g : [a,b] — R be continuous functions and
differentiable on (a, b).
Then 3t € (a,bd) s.t.

Proof. Let
1 1 1
¢(z) = |f(a) f(z) f(b)
g9(a) g(z) ¢(b)
¢ iscontinuous on [a, b] and differentiable on (a, b)
Also,
¢(a) = ¢(b) =0

By Rolle’s theorem, 3t € (a,b) s.t. ¢'(t) =0
If we expand the determinant, we get the desired result:
¢'(x) = f'(2)g(b) — ' (@) £ (b) + f(a)g () — g(a) f'(x)
f(@)g(®) — g(a)] + g'(2)[f (a) — f(b)]

#'(t) = 0 gives the result O

Note. We recover the MVT if we take g(z) =z

Example. “L’Hopital’s rule”

@ =1 e® —¢f et
lim — = - — =
z—0 Sinx sinz — sin 0 cost
asxz — 0,t— 0, so
&
1
cost

Note. We want to entend the MVT to include higher order derivatives




Theorem 3.8 (Taylor’s theorem with Lagrange’s remainder). Suppose f and its derivatives up to
order n — 1 are continuous in [a,a + h] and f") exist for 2 € (a,a + h). Then

hn—lf(n—l) (a)

hn
=~ r(n)
1) I n!f (a + 0h)

Fla+h) = fla) + h'a) + o @)+ -+

Where 0 € (0,1)

Proof. Define for 0 <t < h

n—1 n
6(0) = Fla+1) = (@) = t7/(@) = = ooy F7 V)~ o

where we choose f s.t. ¢(h) =0

(recall in the proof of the MVT we used f(z) — ka and we picked & s.t. we could use Rolle’s
theorem)

We see that

$(0) = ¢'(0) =--- =™ 1(0) =0

We use Rolle’s Theorem n-times:
p(0)=¢(h) =0 = ¢'(h1)=00<hi <h

¢'(0)=p(hy) =0 = ¢"(hy) =00 < hy < hy

Finally

O<h,<hp_1<---<h

So hy, = 0h for 6 € (0,1)
Now
o) = fPa+1t) -8
= B =" (a+06h)

Set t = h, ¢(h) = 0 and put this value of 8 in the second line in the proof (]

Note.
(i) For n = 1,we get back the MVT, so this is a “n-th order mean value theorem”

(i)
R o)
Ry, = — ™ (a + 0h)
n.

is known as Lagrange’s form of the remainder




Theorem 3.9 (Taylor’s theorem with Cauchy’s form of remainder). With the same hypothesis as in
Theorem 3.8 and a = 0 (to simplify), we have

hn—l
f(h) = FO +Af @) +- -+ 75 f "7V (0) + Ra
where W (L 9)71 £ (g
By = =) , 0€(0,1)
Proof. Define
_ / (h =)' f=1 (1)
F(t) = f(h) = f(t) = (h =) f'(t) — =1
with ¢ € [0, h]
_ +\2 _ \n—1
F(O) =10+ 1/0) - (- 07" + (- 07"0) - L5 L0 4o - EZL gy
P (k) ST
= F'(t) = *Wf (t)
Set T
o) = F) - | "] PO
where p € Z,1 <p<n
Then ¢(0) = ¢(h) = 0 so by Rolle’s theorem,
30 € (0,1) s.t. ¢'(Ah) =0
But b1
¢’ (6h) = F'(0h) + 10(1%9)}7(0) =0
Thus
-0 n—1 -0 —1 hnfl
0= 1t G2l o EE= 1) - £(0) = ' 0) = -+ = s 00 0)
_ / A ey h (1= @) f)(6h)
= f(B) = FO) +hF 0) 4+ g FD0) + g € (0.1)
If p = n we get Lagrange’s remainder
If p =1 we get Cauchy’s remainder

Method. To get a Taylor Series for f, one needs to show that R,, — 0 as n — oco. This requires
“estimates” and “effort”

Remark. Theorems 3.8 and 3.9 work equally well in n interval [a + h,a] with h < 0
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Example (The Binomial Series).

f@)=0+2z)", reQ

(1+w)T:1+(;>x+-~-+<?:):C"+...

Claim. if |z|| < 1 then

where

Proof. Clearly
fM@)y=r@r-1)...r —n+1)QA+2)"™
If r € Z, r >0, then f("+1) = 0, we have a polynomial of degree 7.

In general (Lagrange),

_ T )
R, = | 7 (0x)

_(r z"
- \n) (1 +6z)nr
6 € (0,1) so have interval [0, 2] Note: in principle, § depends on both  and n.

ForO<z <1
(14+6x)"">1forn>r

Now observe that the series

is absolutely convergent for |z| < 1.
Indeed by the ratio test

Ant1| _ 7“(7“ = 1) c(r—=n+ 1)('{‘ — n)xn+1 n! (1)
an, (n+1)! r(r—1)...(r —n+1)z™

| r=n)z

=1 — |z| as n — o0 (2)

In particular, a,, — 0, so (7)a™ — Ofor |z| < 1
Hence for n > r and 0 < x < 1, we have

e ()
n

So the claim is proved in the range 0 <z < 1

=|an| = 0asn — oo




Example (continued).

Proof (continued). If —1 < = < 0 the argument above breaks down, but Cauchy’s form of
R,, works:
1-0)""tr(r—1)...(r —n+1)(1 + z) "2
R, =
(n—1)!
_r(r=1)...(r—=n+1) (1—-0)"* o
(n—1)! (1+ 0z)n—r
r(723)
_(r=1\ ., (1= \""
—r(n_l)x (1+0x) <1+0:c
<1 for ze(—1,1)
IR,| < r<’" - 1)3:” (1+ 6z)"!
= n—1
Can check:
(1+62)"' <max{1,(1+x)""'}
K, = rmax{1,(1+z)""'}
which is independent of n
-1
IR,| < K, (T ):z:" —0
n—1
because a,, — 0. Thus R,, — 0 [

3.4 Remarks on Complex Differentiation

Remark. Formally, we have regarding sums, products, chain rule etc. but it is much more restrictive
than differentiability of functions on the real line.
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Example. f(z) = z is no-where C-differentiable
L

o :?LU_‘H

[ =) _2-i-3
Zn— 2 z+i—2z
=0)
lim M does not exist
w—z w— z

On the other hand f(z,y) = (z, —y) is differentiable

z=x+ 1wy

Note. IB Complex Analysis explores the consequences of C-differentiability

4 Power Series

We want to look at Y~ a,z" with z, € C, a, € C.
(The case Y.~ jan(z — 20)™, 2o fixed follows this one by translation)
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Lemma 4.1. If "% a, 2] converges and |z| < |21/, then > a,2™ converges absolutely

Proof. Since > a,z} converges, a, 2" — 0. Thus 3K > 0 s.t.
lanz| < K ¥n

Then

n Zn
lanz"| < K |—

21

n

Since the geometric series Zgo converges, the lemma follows by comparison [

£,
z

Using this lemma, we will prove that every power series has a radius of convergence

Theorem 4.2. A power series either
(i) Converges absolutely for all z, or
(ii) Converges absolutely for all z inside a circle |z| = R and diverges for all z outside it, or
(iii) Converges for R = 0 only

Proof. Let S = {z € R, x > 0 and ) a,2" converges} Clearly 0 € S. By Lemma 4.1, if
x1 € S, then [0,z1] € S.

If S =[0,00), we have case (i)

If not, there exists a finite supremum R (R > 0). For S, R =sup S < co

If R > 0, we'll prove that if |z;| < R, then > a, 2z} converges absolutely:

choose Ry s.t.|z1 < |Rg < R. Then Ry € S and the series converges if z = Ry.

By Lemma 4.1, > |a, 27| converges

Finally we show that if |z3] > R > 0, then the series does not converge for z;. Now

take Ro s.t. R < Ry < |z2|. If > an2y converes, by Lemma 4.1, > a, R} would be convergent,
which contradicts that R = sup S. O

Definition. The circle |z] = R is called the circle of convergence and R is the radius of con-
vergence.
In (i), we agree that R = co and in (iii) R =0
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The following lemma is useful for computing R

Lemma 4.3. If

An+41
n_+_)l

as n — 0o, then R = 7

Proof. By the ratio test, we have absolute convergence if

Uni1 Zn+1

a, 2"

lim <1

so if |z| < }, we have absolute convergence. If |z| > }, the series diverges , again by the ratio
test [

Remark. One can also use the root test to get |a,|'/™ — [ then R = 1
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Examples.

() >0 &

n! 1
(n+1)] n+1

Ap+1
an

—-0=1 = R=

(ii) Geometric series, Y o 2"
R = 1. Note that at |z| = 1, we have divergence

(iii) Yo nl2", has R=0

1)1zt
= (n +n'i: =(Mn+1)z— o0

Ap+41
Qn

Only converges at z =0

(iv) > % has R = 1, but diverges for z = 1 (harmonic series)
What happens for |z| = 1 and z # 17
Consider

if |z| =1, ZN% —0as N —ocoand Y o % converges for all z with |z| =1, z #1

(v) >F ';—7;, R =1 and converges for all z with |z| =1
(vi) > nz", R =1 but diverges for all |z| =1

Remark. In principle, nothing can be said about |z| = R and each case has to be discussed
separately.

Within the radius of convergence ‘life is great”. Power series will “behave as if they were
polynomials”
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Theorem 4.4. f(z) = > a,z™ has radius of convergence R. Then f is differentiable at all points

with |z| < R with

o0
"(z) = E na, 2"
n=1

Proof. By Lemma 4.5, we may define

o0
"(z) = Znanzn_l7 |z < R
n=1

RTP:

o R G bR

h—0 h
Let

;- fEth) — f(z) —hf'(z)
h
= %ian (z+h)™ = 2" — hnz""")
|I| = hm Zan (z+h)" — 2" — hnz""

oo
TZ lan||(z 4+ R)™ — 2" — nhz™ 7|
0

|anln(n = 1)(|2] + [B])" |

|/\
wmg

By Lemma 4.5, for || small enough,
o0
Y lanln(n = 1)(z| + )"
2

converges to A(h), but A(h) < A(r) for h <r and |z|+r < R

— |I] < |h|A(R) < |h|A(r) as b — 0

Y
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Lemma 4.5. If Zgo a, 2™ has radius of convergence R, then so do

o0 o0
g na,z""* and g n(n —1)apz""?
1 2

Proof. Take z and Ry s.t. 0 < |z| < Ry < R. Since a,, Rj — 0,

K s.t. |a, R} < K Vn >0

Thus
n z "
annz" | = —|an R} | =
n | |Z|| n 0| RO
Kn| z |"
S _ | —
2| | Ro
But }° n|4| converges by the ratio test
n+1 z"HRO" n+1]| z . z <1
n | Ry z|  n |Ro Ro

if |z| > R, the series diverges since |a,,2"| is unbounded, hence so is n|a,z"|
Same proof applies to

o0
Zn(n —Da,2" 20
2
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Lemma 4.6.

(i)

forall2<r<n
(i)
|(z + h)™ — 2" —nhz""t < n(n —1)(|z| +|h])"?|h? V2 €C, heC

Proof.
(i)

r—2 ’
_ n(n —1)
r(r—1)
<nn-1)v

(i)
(z+h)"™ — 2" —nh"! = Z (n) 2" "h" thus

|(Z + h)n _n nhzn—1| < Z (n) |Z‘n—r|h|r

<n(n—1) [z_j (:23) |z|”-r|h|f-2] P

([zl+|n))m=2
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4.1 The Standard Functions

We have already seen that

has R = oo
Definee: C — C

e(z) = Z%

0
Straight from Theorem 4.4, e is differentiable and €’(z) = e(z)

Claim. Observation: If F': C — C has f/(z) = 0 Vz € C, then F' is constant

Proof. Consider

By the chain rule:

Now apply Corollary 3.5 [

Now let a,b € C and consider
F(z)=ela+b—2)e(z)
F'(z) = —e(la+b—2)e(z) +e(a+b—2)"=0
— F'is constant
e(la+b—z)e(z) = F(0) =e(a+b)
Set z =5
e(a)e(b)e(a + b)

Now we restrict e : R — R




Theorem 4.7.
(i) e: R — R is everywhere differentiable and €’(z) = e(x)
(i) e(z +y) = e(z)e(y)

(iii) e(z) >0Vz eR

(iv) e is strictly increasing

(v) e(z) » 0o as ¢ — o0, and e(z) — 0 as x — —o0

(vi) e: R — (0,00) is a bijection

Proof.
(i) done v/
(ii) done v/
(iii) Clearly e(z) > 0 Vax > 0 and e(0) =1
Also
e(0) =e(x —x) = e(x)e(—x)

= e(—z)>0Vx >0
e'(z) = e(x) >0 = e is strictly increasing

e(z) > 14z forz >0

So if x — oo, e(x) = 00
For x > 0 since

1
e(—x) = @ e(z) > 0asx — —o0

(vi) injectivity: follows right away from being strictly increasing
surjectivity: Take y € (0, 00), since e(z) — 0o as x — oo and e(z) — 0 as x — —oo,

Ja,b € R s.t. e(a) <y < e(b)

By the intermediate value theorem, 3z € R s.t. e(z) =y

Remark.
e: (R, +) = ((0,00), x)

is a group isomorphism.

Since e is a bijection, consider the inverse function

1:(0,00) >R
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Theorem 4.8.
(i)
1:(0,00) > R
is a bijection and
lle(x)) =z Vz eR
and
e(l(t) =t Vt € (0,00)
(ii) ! is differentiable and
1
'i)==<
)=+
(ii)
Wzy) = U(z) +(y) Y,y € (0,00)

Proof.
(i) obvious from the definition
(i) Inverse rule (Theorem 3.6):
[ is differenitable and

(iii) from IA Groups, if e is an isomorphism, so is its inverse ]

Now define for o € R and = > 0,
ra(z) = e(al())
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Theorem 4.9. Suppose z,y > 0 and «, 5 € R. Then:

(i)
ral(ay) = ral@ray)
(i)
Tars(2) = ra(2)rs()
(ii)
ra(rp(2)) = Tap(2)
(iv)
ri(z) =z, ro(z) =1
Proof.
(i)
ro(zy) = e(al(zy))
= e(al(z) + al(y))
_ efl(@))e(al))
= ra(m)ra y)
(i)
rats(z) =e((a+ B)i(x))
= e(ad(z))e(Bl(z))
= Ta(x)rﬁ(‘r) v
(i)
Tap(T) = ro(e(Bl(x)))
e(ale(pl(x)))
= e(afl(x))
'raﬁ($> v
(iv)
ri(z) = e(l(z)) =z v
ro(z) =e(0)=1v 0O

50




Equation.
Tn(z) =T14.q1(z) =2 ...z =2"
ri(@)roa(z) =ro(x) =1
So
r—1(z) = 7
— rafm)= —
(riyg@))t =ri(z) =2 = r1/(x) = 21/4

Tp/qg = (T1/4(@))F = e

Thus r,(z) agrees with a € Q as previously defined.

Now we do a “baptism ceremony”
exp(z) =e(z) z €R

logz = I(z) z € (0,00)
¥ =rq(xz) a €R, z € (0,00)
e(z) = e(zloge) =ry(e) =€
where
e
5 n!
so exp(z) is also a power, which we may as well denote e*
Finally, we compute (z¢)’

(xa)/ _ (ealogz)/ _ ealogzg

T

=az® ! v

Note. If we let f(z) = a®, a > 0 then

fl(ill') _ (eacloga)' _ emlogaloga —q* loga

Remark. “Exponentials beat polynomials”

x

e
lim —k—oofork:>0
T—00 I

oo

Z >—form>0
0

and pick n > k so
e
xk n!

— 00 as T — o0

o1




4.2 Trigonometric Functions

Definition.
22 24 o (_l)kzzk
COSZ:I_E_’_I_”.:ZW
0
. 23 25 0 (_10)kz2k+1
Slnz:z—a—l-a— --:zo:w

Both power series have infinite radius of convergence and by theorem 4.4., they are differentiable and
(sinz)’ = cos z

(cosz) = —sinz

Notation. Write
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Equation.

(iz)Qk _ (_1)kz2k’ (ZZ) _ i(—l)k22k+1

— e’ =cosz+isinz
Similarly,
e ¥ =cosz—isinz
which gives:

coS 2 = (eiz + e_”)

[l NN

sinz = — (e —e™%*
7 )
From this we get many trigonometric identities:
cos z = cos(—z), sin(z) = —sinz

cos(0) =1, sin(0) =0
(i)
sin(z + w) = sin z cos w + cos z sin w
(i)

cos(z + w) = cos zcosw — sin zsinw z,w € C
Follows from

to prove (ii) write:

cos(z +w) =

N | =

cos zcosw — sin zsinw = —(e** 4+ e~ **)(e™
operate to get same result use (*) to get

sinz+cos?z2=1VzeC

Now if x € R, then sinz,cosx € R
and (*) gives

|sinz|, |cosz| <1
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4.2.1 Periodicity of the Trigonometric Functions

Prop 4.10. There is a smallest positive number w (where V2 < % < V3 s.t.

w
“YN—o
cos(Q)
Proof. If 0 < x <2
. 28 BT
sinz = <x—§)+<a—ﬁ>+'“>0
(£ 0 < 7 < 2 then By > &)
So for 0 < z < 2,
(cosz) = —sinz < 0

= cosz is strictly decreasing

0 . {
1 @N

We'll show that cosv/2 > 0 and cosv/3 < 0. Then by the intermediate value theorem the

existence of w follows.
cos V2 = (@—%) +()+()+--->0

>0 >0
132 LE4 :L’G £L'8
N—_————
>0
x =13
1—3+ 0 —1—3+3——1<0
2 4x3x2 2 8 8

= cosV3<00O
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Corollary 4.11.

w
in——1
sin 5
Proof.
sin22 —|—cosL—u =1
2 2
and

w
in—->00
Sin

Notation. Now define 7 = w

Theorem 4.12.
(i)
. 7T ™ .
SIH(Z & 5) = COS 2, cos(z - 5) —Sinz

sin(z+ ) = —sinz, cos(z+m) = —cosz

sin(z + 27) = sin z, cos(z + 27) cos z

Proof. immediate from addition formulas and

cosz, sint =10
2 2

Note. This implies

e T2 — cos(z 4 27) + isin(z + 27)
= cos(z)isin z

_ eiz

= €7 is periodic with period 27i
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Remark. We can ‘relate the trig functions with geometry”.
Given two vectors z,y € R?, define z - y as in vector and matrices

-y =T1y1 + Ta2y2, = (v1,72) and y = (ylyy2)

By Cauchy-Swarz:
|z -y < [l]lllyll

Thusif x #0, y #0
x-y
S S1
I/l

So we define the angle between x and y as the unique 6 € [0, 7] s.t.

cosf = —Y_
el
es
y A
x = (h,v)
0 x cos=xz-e1=h
i
L/
v
0 [
o >
O h
4.3 Hyperbolic Functions
Definition. ]
coshz = §(ez +e7%)
sinh z = 1 (e —e™7)
2
= cosh z = cos(iz), sinh = —isin(iz)
Claim.

(coshz)" = sinh z
(sinh z)’ = cosh z

cosh? z — sinh? z = 1, etc.

Proof. Exercise
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Note. The rest of the trigonometric functions (tan, cot, sec, cosec) are defined in the usual way

5 Integration

Note. f :[a,b] - R bounded meand:

3K s.t. |f(X)| < K, Vz € [a,b]

Definition. A dissection (or partition) D of [a, b] is a finite subset of [a, b] containing the end points
of a and b.
We write

D = {zo,x1,...,Tn} with

a=20<T1 < < Tp_1<xp,=0>

v

Q- — — - - - - - =
Sl === =

Definition. We define the upper sum and lower sum associated with D by

n

S(f,D) =) (xj—xj1) sup f(x) (upper

j=1 z€[z;—1,2;]

z€[z;—1,7;]

s(f,D = i(ac] —xzj—1) inf  f(x) (lower
j=1

Clearly
s(d,D) < S(d,D) VD
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Lemma 5.1. If D and D’ are dissections with D C D', then

S(d,D) > S(d, D) > s(f,D') = s(f, D)

Proof.
S(d, D) > s(f, D)
is obvious.
Suppose D’ contains an extra point than D, let’s say y € (z,_1, %)
clearly:
sup  f(z), sup f(z) < sup  f(z)
z€[z,_1,y] z€[y,zr] z€[Tr_1,2r]
— (@ —21) s @) (-2) s f@)+ (@ —y) s (@)
TE[Tr_1,2r) TE[Tr—1,Y] €[y, r]
S(f,D) = s(f, D)
The same for s and the same if D’ has more extra points than D

Lemma 5.2. Dy, Ds two arbitrary dissections. Then
S(f,D1) =2 S(f,D1U D2) > s(f,D1UDs) > s(f,D2)

So
S(f,D1) > s(f,D2)

Proof. Take
D' =D, UDy; D DDy

ad apply the previous lemma. [

Definition. The upper integral of f is
I(f) = inf S(f, D)

(this always exists)
The lower integral of f is

L(f) = sup s(f, D)
D

(this always exists)
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Claim. By lemma 5.2,
I"(f) = I.(f)

Proof.
S(f7 Dl) Z S(fa DQ)

I*(f) > S;ps(fvpe) > S(f7D2) = I*(f)

Definition. A bounded function f : [a,b] — R is said to be Reimann integrable (or first integrable)
if

and we set

Example.

)1 zeQn]0,1]
f(x)_{o 2 QnNo,1]

f:[0,1] — R is not Reimann integrable

sup =1, inf =0VD

[xj—1,2;] [z;-1,2;]

— I"(f) =1, but I,(f) =0

A useful criterion for integrability:
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Theorem 5.3. A bounded function
f a0 > R

is Riemann integrable iff given € > 0,3D s.t.

S(faD)_S(f)D) <e

Proof. For every dissection D, we have

0<I°(f) = L(f) < 8(f,D) — s(f, D)
If the given condition holds, then
0<I*(f) = L(f) < 5(f,D) = s(f,D) <e Ve > 0
= I'(f) = L(f)

Conversely, if f is integrable, by definition of sup, inf, there are partitions D; and Dy s.t.

b
| ae-5 =L -5 <str20)

b
€
— d —
/afx-l-z

(D1 UDy 2 Dy, Dy)

S(f,D2) <I*(f) +

N ™

By lemma 5.1,

b € b €
S(f,Dlupg)—S(f,DlUDQ)SS(f,DQ)—S(f,Dl)</ fd$+§—/ fdl‘+§:6D

We now use this condition to show that monotonic and continuous functions (separately) are inte-
grable.

Remark. Monotonic and continuous are bounded (thm 2.6 for the case of continuous functions)
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Theorem 5.4. f : [a,b] — R monotonic. Then f is integrable

Proof. Suppose f is increasing (same proof for f decreasing)

Then
sup = f(x;)
z€[zj—1,7;]
el ;] = f(i’?j—l)
Thus n
S(f,D) = s(f,D) = Y (w5 — &;-1)[f (x;) — f(2;-1)]
j=1
Now choose 9b
D={a,a+ a,a—l— ( —a)7 ,b}
n
:cj—a—i—(b_ ‘7, 0<5<n
(b—a)

Take n large enough s.t.

and use Theorem 5.3 [

5.0.1 Continuous Functions

Note. First we need an auxiliary lemma
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Lemma 5.5. f:[a,b] — R continuous. Then
given € > 0, existsd > 0s.t [z —y| <d = |f(z)— f(y)| <e

(uniform continuity)

Note. The point is 6 works Vz,y as long as |z —y| <
(in the definition of continuity of f at x, 6 = §(x))

\e——————————————————————————————————————————————————————————————————————————

Proof. Suppose the claim is false. Then 3¢ > 0 s.t. V§ > 0, we can find z,y € [a,b] s.t.

|z —y| <dbut [f(z) - f(y) =€
Take 6 = %, to gen z,,y, with

1
|xn - yn| < 57 but |f(xn) - f(yn)| > €
By Bolzano- Weierstrass, dz,,, > C
|y7Lk - C| < |ynk - xnk| + |xnk - C‘ —0

(both parts of sum converge to 0)
But

|f(mnk)_f(ynk)| >e€
0>eXO




Theorem 5.6. Let f : [a,b] — R be continuous. Then f is Riemann integrable.

Proof. givene >0, 30 > 0s.t. [z —y| <§
= [f(z) - fly)l <e
LetD:{a—i—@,j:O,l,...,n}

Choose n large enough s.t.
b—a

<6
n
Then for z,y € [z;_1,z;]
@)= )] < )
since
b—a
| —yl < faj — 20| = ——= <

This means that

max f(z)— min f(z) = f(p;) — f(g;) Pj, g5 € [xj-1, 7]

z€[wj—1,7;] z€[z;—1,7;]

(max and min exist due to continuity)

-

= S(f,D) —s(f,D) (25— z;-1) [ max f(z)— min f(z)

= zE[zj—1,7] ze[zj—1,25]
“(b—a
- > " 4) — (ay)
s <e by ()
<e(b—a)

Now use Theorem 5.3 [

Remark. More complicated functions can be Riemann integrable
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Example. f:[0,1] = R

1/q, x =p/q € (0,1]in its lowest form
f(z) = :
0, otherwise

Clearly s(f,D) =0 VD.
We will show that given € > 0,3D s.t.

This implies f is integrable with

Take N € N s.t.

—_

- €
N 2
Consider the set
{re€0,1]: f(x) >1/N} ={p/qg:1<g<Nand1<p<gq

This is a finite set 0 < t; <<ty < --- <tg=1
Consider a dissection of [a, b] s.t.
(i) Bach tx,1 < k < R is in some [z;_1,Z;]
(ii) Vk, the unique interval containing ¢r has length at most /2R

<e/2R
Lo ¢ Iy T2 T3 T4 s

I R such intervals.
0 t1 to ts3 1 = tg

<1/N

Not: f <1 everywhere
S(f,D) <

2|~
po| ™
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5.1 Elementary Properties of the Integral

Claim. For f, g bounded and integrable on [a, b]:

(i) If f < g on [a,b], then
b b
/fé/g

/abf+g=/:f+/abg

(iii) For any constant k, kf is integrable and

(ii) f + g is integrable on 9a, b] and

(iv) |f]| is integrable and

(v) The product fg is integrable

Proof.
(i) if f < g, then

b
/ f=I"(f) < 5(f,D) < 5(g, D)

/abfzf*msr(g):/abg

sup (f+g)< sup f+ sup g

[j—1,2;] [z—1,7;] [zj—1,2;]
= S(f+9,D) <S(f,D)+ S(g9,D)

Now take two dissections D; and Dy

I“(f +9)

hence

<S(f+9,D1UDy) < S(f,D1 UD;) + S(g9, D1 UDy)
< S(f,D1) + S(g,D2)

last from lemma 5.1. Fix D; and inf over D5 to get

b b
I*(f+g)SI*(f)+I*(g):/ f+/ g

/abf+/abg<1*(f+g)

—> f + ¢ is integrable with integral equal to the sum of the integrals.
(iii) Exercise!

Similarly
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Claim (cont.).

Proof (cont.).
(iv) Consider

f+(z) = max(f(z),0)
sup fy — inf ]f+§ sup f— inf f

[zj_1,2;] [zj—1,2; [ej_1,2;] [zj—1,7;]

(can check)
and we know that given ¢ > 0, 3D s.t.

S(f,D)—s(f,D)<e

= S(f+7D) _S(f+7D) <e

= f4 is integrable
But |f| = 2f+ — f By (ii) and (iii), | f| is integrable.
Since —|f| < f < |f|, we use property (i) to see

/abf </:|f|

(v) Take f integrable and > 0

Then
M; 2
2 ’
sup f°= sup f
[zj—1,25] [@5—-1,7;]
2
inf 2 = inf
[Q?jfl,mj]f [xjfl’mj]f
m;
Thus

S(f%,D) = s(f*,D) = ) (z; — z;_1)(M; —m3)

J J

NE

.
Il
o

(zj — zj—1(M; +my)(M; — my)

[l
IS
i M:
I,

using |f(z)| < K Vz € [a, )]
Using the criterion in Theorem 5.3, we deduce that f? is integrable.
Now take any f, then |f| > 0 and is integrable. Since f? = |f|2.
We deduce that f? is integrable for any f
Finally for fg, note:

Afg=(f+9° - (f—9)?

= fg is integrable given what we proved
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Claim (6). f is integrable on [ab]. If a < ¢ < b, then f is integrable over [a, ¢] and [c, b] and

/abf=/:f+/cbf

Conversely if f is integrable over [a, ¢] and [c,b], then f is integrable over [a,b] and

/abf=/:f+/cbf

Proof. We first make two observations:
if Dy is a dissection of [a, c] and Ds is a dissection of [b, ¢|, then

D =D, UD,
is a dissection of [a, b] and

S(fvpl UDQ) = S(f|[a,c]7D1) +S(f

(e8] D2) (*1)
Also if D is a dissection of [a, b], then

S(f,D) > S(f,DU{c})
= S(flia,q» P1) + S(flic,), D2) (*2)

where D; dissects [a, ¢|] and D dissects [a, b]
(*x1) = I"(f) £ I"(flla,q) + " (flic.)

(x2) = I"(f) > I"(flia,q)) + " (flic.0)
Similarly
L(f) = L(flia,q) + Le(flic,5)
Thus
0<TI*(f) = L(f) = I"(flia,g) = Le(flia,q) + I (flie,e) = Le(flie,p))

>0 >0

From this, claim follows right away. [

Notation. We have a convention that is if a > b, then

fo==L

if a = b, we agree that its value is zero.
With this convention, if |f| < K, then

< K|b—aq

[

(from property (4) and convention)

67




5.2 The Fundamental Theorem of Calculus (FTC)

f :[a,b] — R bounded and integrable. Write

P(z) = / " f)dt, o€ o,

Theorem 5.7. F is continuous

Proof. oih
Fla+h) - Fz) = / F(t) dt

/j+h .

if |[f(t)| < K, Vt € [a,b]. Now let h — 0 and we are done. [J

|F(z+h)— F(z)| = < K|h|

Theorem 5.8 (FTC). If in addition f is continuous at z, then F' is differentiable at = and

Fl(z) = f(x)

Proof. We need to consider (z + h € [a,b] & h # 0

. _ . z+h
F( +h; F@) ol = ﬁ / £(t)dt — hf(x)
1 z+h
:WL [£(t) — ()] dt

f continuous at x, means that given € > 0, 36 > 0 s.t. if |t — x| < § then

[f() = f(z)] <e

IF |h| < 6, we can write

1 z+h 1
ETA £(0) = f@)dt| < el
=g
This means = " =
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Example.

monotonic = integrable
—x—1 <0
flo) = {m -1 x>0

Fz) = =1+ |z
A

F not differentiable at x = 0

Corollary 5.9 (integration is the inverse of differentiation). If f = ¢’ is continuous on [a, b], then

[ 50t = g(a) ~ gla) ¥ € a1

Proof. From Theorem 5.8, F' — g has zero derivative in [a,b] = F — g is constant and since
F(a) =0,
F(z) = g(z) — g(a) O
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Notation. Every continuous function has an indefinite integral or anti-derivative written

/f(x) dz

which is determined up to a constant.

Remark. We have solved the ODE:
y'(z) = f(z)
y(a) = yo

Corollary 5.10 (integration by parts). Suppose f’ and ¢’ exist and are ontinuous on [a, b]. Then

b b
/ f'g = F®)g(b) — F(@)gla) - / fd

Proof. By the product rule,
(fo) =g+ fdg
By 5.9,

b b
F)9() — F(@)g(a) = / flg+ / f¢ O

Corollary 5.11 (integration by substitution). Let g : [, 8] — [a,b] with g(«) = a and g(B8) = b, g
exists and is continuous on [«, 8]. Let f : [a,b] — R be continuous. Then

b B
/ f(z)dz = / F(a(t)g/(t) dt

/

Proof. Set

P(z) = / " r)ar

as before. Let h(t) = F(g(t)) defined since g takes values in [a, b]). Then

B8 B
/ fe@)g B dt = / F(g(1))d'(t) dt

FTC

6 /
chain:rule/a & (t) e

= 1(B) — h(a)
F(a)

—F(b)—
b
:/ flz)dz O
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Theorem 5.12 (Taylor’s theorem with remainder an integral). Let f(™(z) be continuous for z €
[0, h]. Then

hn—lf(n—l)
f(h):f(o)‘f’"“i‘w-i-Rn
where o L
R, = D) /0 (1— )" L™ (¢th) dt

Proof. By substituting u = th

Integrating by parts now, we get:

hn—lf(n—l)(o) 1 h
= — h— n—2 p(n—1) d
R =1 +(n—2)!/0( WS ) du
R, 1
If we integrate by parts n — 1 times, we arrive at:
hn—lf(n—l)(o) h
I A - hi "(w) du O
R B PO+ [
f(h)—£(0)

Remark. Now we can get the Cauchy & Lagrange form of the remainder.
However, note that the proof above uses continuity of f™) not just mere existence as in section 3.
But first need to prove:
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Theorem 5.13. f,g: [a,b] — R continuous with g(z) # 0 Vz € (a,b). Then Jc € (a,b) s.t.

b b
/ f(@)g(@) dz = f(z) / o(z) dz

Proof. We're going to use Cauchy’s MVT (Theorem 3.7)

F(:v)=/;fg, G(x)z/;g

Theorem 3.7 — Jc € (a,b) s.t.
(F'(b) — F(a))G'(c) = F'(c)(G(b) — G(a))

( / b fg> o(0) = £(@)ale) [ v

if g(c) # 0, we simplify ans we’re done [J

Note. if we take g(x) = 1, we get

Claim. We can get the Cauchy & Lagrange form of the remainder from Taylor’s theorem with
remainder (given continuity of f(™))

Proof. Now we want to apply this to

A" !
R,=—— [ (1—=t)" 1™ (th)dt
o [ =0 e
First we use Theorem 5.13 with g = 1, to get
J— (1 —0)" L™ (0h)ymo € (0,1)
" (n—1)! ’

Which is Cauchy’s form of the remainder!
To get Lagrange, we use Theorem 5.13 with g(t) = (1 — ¢)"~! which is > 0 for ¢t € (0, 1)

hn n ! n—1
— e (O.1) st By = s FO0N) [/0 (1-1) dt}

=1/n

/01(1—t)"_1dt: —<1_t>n]1=1

n 0

h’n
= R, = mf<”>(ah), 6 < (0,1)

which is Lagrange’s form of the remainder!




5.3 Improper Integrals

Definition. Suppose f : [a,00] — R integrable (and bounded) on every interval [a, R] and that as
R — o0

R
/ flz)dz —1
Then we say that [ f(z)dx exists or converges and that its value is {. If ff f(z)dz does not ten

to a limit, we say that [ f(z) dz diverges.
A similar definition applies to ffoo f(z)dz. It

‘Lwﬂ@dwzh

and

[;ﬂmmzb

/ =L+

we write

(independent of the particular value of a)

Example.

o0

d

/ —i; converges iff k > 1
W

Indeed, if &k # 1,
R

/R dz - ZI]'l_k - Rl—k
, Tk 1-k|, 1-k

and as R — oo, this limit is finite iff £ > 1 (and equals — 1)

if k=1,
R
/ d—x:logR—>oo
1
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Remark. 1/,/z continuous on [4, 1], for any § > 0. and

1
dz 1
=27 . =2-2V6=2as6 =0
/5\/5 val;

1____

v

—_ - =

1/+/z is unbounded on [0, 1]

/ldx—lim G5 _g
o VT 6-0)s T o

Exercise: give a general definition

1 1
d d
/ —x:hm/ 2 _ lim logm](ls:logl—logé
0 s X —0

limit does not exist as § — 0
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Remark. If f >0and g >0 for z > a and f(z) < Kg(z), K constant « > a, then

oo o0
/ g converges —> / f converges
a a

/:OfSK/:og
/aRfSK/aRg

The function R — faR [ is increasing (f > 0) and bounded above ([ g converges)
Take

and

Just note that

R
l = sup f<oo
R>a Ja
Now check that R
dm [ 7=
given € > 0, 3Ry s.t.
Ro
f=2l-¢
a
Thus
R Ro
VRZRm/ fZ/ >l-¢
R
= 0<1 —/ [<eVv
Example.

/00 e /2 dg
0

e=="/2 <e 2 p>1
e—1/2

2

i 1
/ e 2y = 5[6_1/2 —e /7
1

oo
2
= / e /2 dx converges
0

Remark. We know that if Y a, converges, then a, — 0. We have to be careful with improper
integrals.
faoo f converges may not imply that f — 0
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5.4 The Integral Test

Theorem 5.14 (integral test). Let f(z) be a positive decreasing function for z > 1. Then
(i) Th integral [~ f(z)dz and the series 3 1° f(n) both converge or diverge.

(ii) Asn — oo,
S 1) - / f(z) da

tends to a limit I s.t. 0 <1 < f(1)

Proof.

v

(f decreasing = f integrable on every bounded subinterval by Theorem 5.4)
If n— 1<z <n, then

fn—1) > f(z) > f(n)
— fn-1)> / : f(z)de > f(n)

Adding;:

n—1

> )2 [ sz 350
1 1 2

r=

From this claim (i) is obvious.
For the proof of (ii) set

o) =30 10) - [ @) da

Then .
B(n) — d(n—1) = f(n) - / | fa)da <o

using (*).
Also from (**),
0<¢(n) <g(1)

thus ¢(n) is decreasing and tends ot a limit [ s.t.

0<I<f(1)O

(**)

7




Examples.
(i)
Z — converges iff k> 1
—n

We saw that o
/ — converges iff k > 1
1 :E

so we just apply the integral test.
(i)
oo
1 1
> @)=
— nlogn xlogx

R
d(E R
= log(l
]Q Tlogz og(log z)];

log(log R) — log(log 2) — 0o as R — oo

then by the integral test

(o¢]

1 .
Z diverges
>N logn

Corollary 5.15 (Euler’s constant). As n — oo,
1 1
1444+ ——logn —v
2 n

with 0 <~y < 1

Proof. Set f(x) =1/x and use Theorem 5.14 [J

Remark. We have an open problem: is +y irrational?
(v ~ 0.577)

Remark. We have seen: monotone functions and continuous functions are integrable
We can generalise this a bit and say that piece-wise continuous functions are integrable

A
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Definition. A function f : [a,b] — R is said to be piece-wise continuous if there is a dissection
D={xo=a,z1,...,o, = b} s.t.

(i) f is continuous on (z;_1,x;) Vj

(ii) the one-sided limits
linl f(x), lim f(z) exist

T ToT; g

5.5 Characterization for Riemann integrability (Non-Examinable)

Note. It is now an exercise to check that f is Riemann integrable:
first check that f |[zj_17mj] is integrable for each j (the values of f at the end points won’t really
matter) and use additivity of domain (property (6))

Note. Q: How large can the discontinuity of f be while f is still Riemann integrable?

Recall the example
_J1/q x=p/q
fz) = {0 otherwise

The question has been answered by Henri Lebesgue:

Characterization for Riemann integrability:

f:a,b] — R bounded. Then f is Riemann integrable iff the set of discontinuity points has measure
Z€ero.

Definition. Let [(I) be the length of an interval I.
A subset A C R is said to have measure zero if for each € > 0 3 a countable family of intervals st.

o
j=1

and

Sy <e

J
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Lemma 5.16.
(i) Every countable set has measure zero.

(ii) if B has measure zero and A C B, the A has measure zero.
(iii) if Ay has measure zero Vk € N then | J, oy Ax also has measure zero.

Note. The proof of Lebesgue’s criterion uses the concept of oscillation of f:
I interval:

wf(f)=81;pf—ir}ff

Oscillation at a point
wy(z) = hmwf(:c—s z+e)

e—0
\—————————————————————————————————————————————————————————————————————————

Proof (Sketch).

D = {x € [a,b] : f discontinuous at x}
= {z:w¢(z) > 0}

— RTP: D has measure zero.

We'll show that for fixed a, N(«) has measure zero.

Let € > 0,3D s.t.
e

S<f7 )_S(fa )
S(f, D) —s(f,D wa ([zj—1, %)) (@5 — 1)

F={j: (%‘71’%‘) NN(a) # o}
then for each j € F,
wi([zj-1,75]) > @

EQv
ad (@5 —xzi1) < Y willzioa, z) (@5 — 5 1) <5

JEF JEF
S
— E = Tj— 1 =
2

JjeEF

These cover N(«) except perhaps for {zg,z1,z,}. But these can be covered by intervals of
total length < §
—> N(a) can be covered by intervals of total length < ev’




Lemma 5.17 (cont.).

Proof (cont.). <=:let £ > 0 be given
N()C D

so N (e) has measure zero. It is closed and bounded, = it can be covered with finitely many
open sets of total length < ¢

=1

let I; = U; (closure = adding end points)
wlog, I; do not overlap

The complement
m
K = [a,b]\ U U;
i=1
is compact so it can be covered by finitely many disjoint closed intervals J; s.t.
Wf(Jj) <eg

Now the I;’s and J;’s give a dissection for [a,b] s.t.

n m k
lewf([xj—l’xj])(xj —Tj_1) = ;wiiz) UI) + ;wfiJj) L(J5)

<2K Y U(I;) +(b—a)
1
<2Ke+eb—a)O

(using |f| < K)

Lemma 5.18. f is continuous at z iff wg(z) =0

Proof. Exercise.
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