Groups

Hasan Baig

Michaelmas 2020

Contents

2 Important Examples|
2.1 Cyclic Group Cy| . . - . . 0 o o o e e
2.2 Dihedral Group Daoy,| . . . . o 0 o o e
[2.3  Symmetric Group|. . . . .. ...

2. obius Maps| . . . . . . o e

|3 Lagrange’s Theorem|

U N NN

© o O ot

Quotients of Groups|

]

Group Actions|

p.3  Symmetry Groups of Polyhedra) . . . . . .. ... ... 0000
.4 Lett Multiplication Actions| . . . . . . . .. ... ... ... 0.,
5.5 Conjugation Actions| . . . . . . . . . . . . . ... e

The Mobius Group revisited|

|§.1 Mabius Group actingon C| . . . . .. ...

Matrix Groups|

[C1 Basic Definitionsl . . . . . . . . . . ...
7.2 Mobius maps via matrices| . . . . . . ... ..o
[7.3 Change of Basis|. . . . . . . . . . . ..
7.4 Symmetries of the cube revisited| . . . . . . ... ... 000000,

Groups of Order §|

4.2 First Isomorphism Theorem| . . . . ... ... ... ... ... .......

A3 Correspondence Theorem] . . . . . . . . v v vt v it e
4.4 Second Isomorphism Theorem|. . . . . . . ... ... ... ... ... ..
4.5 Third Isomorphism Theorem| . . . . .. .. .. ... ... ... ......

11
11
12
13
13
13

14
14
14
15
16
17

21
21
24

25
25
25
26
29

30



1 Basic Notation

1.1 Basic Definitions

Definition. A group is set G together with a way of combining its elements () satisfying:
(i) (closure) g+ h € G(Vg,h € G)
(ii) (identity) (Je € G) s.t. exg=g*e = g(Vg € Q)
(iii) (inverses) (Vg € G)(Jg~1) € Gst. gxg =g lxg=e
(iv) (associativity) (Vg,h,k € G)g (h* k) = (g h) * k.

Remarks.
e Formally, we say a set G is a group if there is a binary operation % : G X G — G satisfying
“identity”, “inverses” and “assoc.”
e Assoc. means can write g x h * k without specifying which composition should be done
first.

Prop. Let G be a group.
i) The identity element is unique.

) Vg € G, the inverse of g is unique
iii) If gh = g then hg =
iv) If gh=e then hg = e.
v) (9 ) “lgh

) (g~ )

Proof.

i) Suppose e, e’ both identity elements, show e = €.
) Suppose gh = e and gk = e, show h =k

iii) Left multiply by g1

iv) Conjugate by g, (left g~ 1)

v) Left multiply RHS by gh

vi) Left multiply by g

Definition. A group G is abelian if Vg, h € G, gh = hg.

the order of G, written |G|.

Definition. A group G is finite if it has finitely many elements. The number of elements of G is

1.2 Subgroups

We write H < G.

Definition. Let (G, x) be a group. A subset H C G is called a subgroup of G if (H, *) is a group.

Remark. To check H C G a subgroup, can just check closure, identity, inverses.




Lemma. Let G be a group. H C G is a subgroup iff H is non-empty and Va.b € H,ab~' € H

Proof. Trivial (check axioms)

Prop. The subgroups of (Z,+) are precisely the subsets of the form nZ C Z(n € N), where nZ =
{nk:keZ}

Proof. Firstly show each is a subgroup by quick subgroup check.
If H < Z and non-trivial then show smallest positive element, show nZ C H and suppose for
contradiction another element.

Prop.
(i) Let H, K be subgroups of a group G. Then HN K < G.
(ii) If K < H and H < G, then K < G.

(iii) f K C H,H <G and K <G, then K < H.

Proof. Quick subgroup check works for all 3.

Note. A useful way to think about subgroups is via a diagram as follows, for example:

G

ONK

e}
“Lattice of subgroups”
(Ascending edge or sequence of edges means the lower subgroup is contained in the upper)

Definition. Let X # @ be a subset of a group G. The subgroup generated by X, denoted (X),
is the intersection of all subgroups containing X.
(Equivalently, it is the smallest subgroup containing X - i.e. if X C H < G, then (X) < H).

Note. (X) contains e, X C (X), (X) contains all products of elements of X and their inverses

Prop. Let X C G, X # @. Then (X) is the set of elements of G of the form x7"z5225% ... z}* where
x; € X (not necessarily all distinct), a;; = 1, and k > 0 (when k& = 0, the element is by definition

e).

Proof. Let T be the set of such elements. T' C (X), T a subgroup and X C T so T = (X)




1.3 Homomorphisms, Isomorphisms

Definition. Let (G, *q), (H,*m) be groups. A function ¢ : H — G is a (group) homomorphism if
for all a,b € H,
p(axm b) = ¢(a) *¢ ¢(b)
A homomorphism ¢ is said to be injective if whenever ¢(a) = ¢(b) in G, then a = b in H.
A homomorphism ¢ is said to be surjective if Vg € G,3h € H s.t. p(h) = g.
A homomorphism ¢ is said to be bijective if injective and surjective.

Prop. Let ¢ : H — G be a homom.
i) plen) = eq
ii) o(h™!) = p(h)"'Vhe H
iii) if ¢ : G — K is another homom., then ¢ o ¢ : H — K is also a homom.

Proof.
i) Consider p(en *m efr)
ii) Consider ¢(h) *g ¢(h)~!
iii) Let ¢ and ¢ be the homomorphisms and reason from definitions

Definition. A bijective homomorphism ¢ : H — G is called an isomorphism. We say H,G are
isomorphic and we write H = G if 3 isomorphism H — G.
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Prop. Let ¢ : H — G be an isomorphism. Then ¢~ : G — H is also an isomorphism.

Proof. o (axgb) = p~1(p(p 1 (a) *g ¢~ 1(b))) and use that ¢ a homomorphism

Definition. Let ¢ : H — G be a homom.
The image of ¢ is Im(p) = {g € G : g = ¢(h) for some h € H}.
The kernel of ¢ is ker(p) = h € H : p(h) = eg.

Prop. Im(y) is a subgroup of G and ker(y) is a subgroup of H

Proof. Quick subgroup test works for both

Prop. Let ¢ : H — G be a homomorphism.
i) ¢ is surjective iff Im(p) = G
ii) ¢ is injective iff ker(y) = {e}

Proof.
(i) By definition
(ii) Suppose ¢ injective. Have p(ey) = eq, so ey only element sent to e so ker(¢) = {ey }.
Suppose ker(y¢) = {ex} then show ¢(a) = p(b) = a =10




1.4 Direct Products

Definition. The direct product of two groups G, H is the set G x H with the operation of
component-wise composition:

(91, h1) * (g2, h2) = (91 *G g2, h1 *m ha).

Remark. G x H contains subgroups isomorphic to G and H:
G x {eg} and{eg} x H

Everything in (isomorphic copy of) G commutes with everything in (copy of) H

Theorem (Direct Product Theorem). Let H, K < G s.t.
i) HNK = {e}
ii) Vh € H,Vk € K, hk = kh
iii) Vg € G,3h € H,k € K s.t. g = hk
Then G = H X K

Proof. Let ¢ : H x K — G be defined in natural way.
Show injective by hk=e = h=k e HNK

2 Important Examples

2.1 Cyclic Group C,

Definition. Let G be a group and X C G(X # @). If (X) = G, then X is called a generating set
of G.

Definition. G is cyclic if 3a € G s.t. (a) = G. In this case, Vb € G, 3k € Z st. b=ad* (ais a
generator of G)

Theorem. A cyclic group G is isomorphic to Z or to C,, for some n € N

Proof. Let G = [b]

Suppose In > 0 s.t. b™ = e, take smallest such n and define ¢ : C,, = [a] — G by p(a¥) = b*.
Show this is an isomorphism.

If no such n, define ¢ : Z — G by (k) = bF. Show this an isomorphism (suppose non-trivial
kernel leads to contradiction for injective)

Definition. The order of an element g € G is the smallest n € N s.t. ¢g" = e (written ord(g) = n).
If there is no such n, we say ¢ has infinite order and write ord(g) = co.




Prop. Cyclic groups are abelian.

Proof. Trivial.

2.2 Dihedral Group D,

Definition. The dihedral group Ds, is the group of symmetries of a regular n-gon (the group
operation is composition of symmetries).

Note. To show the elements of D5, are those you expect, consider mapping of vertex v; and choice
of vy giving 2n choices.

2.3 Symmetric Group

Definition. Given a set X, a permutation of X is a bijective function o : X — X. The set of all
permutations of X is denoted by Sym(X).

Theorem. Sym(X) forms a group wrt. compsitions.

Proof. Check axioms individually

Definition. If |X| = n, we write S,, for (the isomorphism class of) Sym(X). S, is called the
symmetric group on n elements.

Note. |S,|=n(n—1)(n—2)...(2)(1) =n!

Definition. A permutation of the form o = (aj as ... ai) is a k-cycle.
If k=2, i.e. 0 = (a1 asz), then we call it a transposition.

Definition. Two cycles are disjoint if no number appears in both.

Definition. G a group. g,h € G commute if gh = hg in G.

Lemma. Disjoint cycles commute.

Proof. Consider 4 cases of whether x in 7 or o disjoint cycles.




Theorem. Any o € S, can be written as a composition of disjoint cycles, and this expression is
unique up to reordering cycles, and “cycling"" of cycles. (“Disjoint cycle decomposition"").

Proof. Consider 1,0(1),0%(1),03(1),.... Show 2 in list must be equal by finiteness. This
gives first cycle. Repeat with next number in {1,2,...,n} which hasn’t already appeared. o
bijection so no number that has already appeared can reappear. Continue until exhausted all
of set.

Uniqueness: suppose have 2 such decompositions

g = ((11 akl)(ak1+1 ...akZ)...(akm71+1 ...akm) = (bl bl1)--~(blsfl+1-~~bls)

each element in set appears exactly once then a; = b; some t. Other numbers in cycle uniquely
determined. Thus have

(a1 ... ap,) = (b...)
Disjoint cycles commute so have:

(@1 ... ap) = (b...)...

Continue in this way to see that all other cycles match.

Definition. The set of cycle lengths of the disjoint cycle decomposition of o is its cycle type.

Theorem. The order of o € S, is the least common multiple of the cycle lengths in its cycle type.

Proof. Order of a k-cycle is k. Suppose 0 = 1175 ... 7, 7; disjoint cycles.
Have o™ = 7{"73" ... 7", since disjoint cycles commute.

Let each 7; be a k; cycle then if 0™ = e, we have 7" =7, ™ ... 7,
Elements in set permuted by LHS and RHS are disjoint so both sides must be = e. Thus
k1|m. This holds for any k;

Hence, lem(ky, ..., k,)|ord(c). Letting [ = lem(ky, ..., k,), we can show o' = e (by considering
disjoint cycle decomposition). Hence ord(o)|l = ord(c) = (.

—m

Prop. Let 0 € S,,. Then o is a product of transpositions.

Proof. Sufficies to do this for a cycle.

(a1as ... ag) = (a1 a2)(azaz)...(ap—1ar)

Note. This is not unique but the parity of number of transpositions is well-defined.




Theorem. Writing o € S, as a product of transpositions in different ways, o is either always a
product of an even no. of transpositions or always a product of an odd no. of transpositions.

Proof. Write #(o) for the number of cycles in ¢ in disjoint cycle decomposition.

See what happens to # (o) when multiplying by (cd):

If a cycle contains neither ¢ nor d, unaffected.

If ¢, d in same cycle (considering disjoint decomp.), say cagas ... agx—1 dag+1 ... a;), then:

(Cag cee Qf—1 .- al)(cd) = (Cak-i-l al)(dag ak_l)

So #(o1) = #(0) + 1.
If ¢, d in different cycles (possible 1-cycles):

(caz ... ax)(dby ... b)(cd) = (cby ... byday ... ag)

So #(o7) = #(0) — 1.

So for any o, any transposition T,
#(0) = #(o7) + 1 mod 2
Ifo=m...7 =7{...7/, we know #(c) uniquely determined from o (unique disjoint decom-
position)
Alsohave o =e- 1 ...7; =e- 71 ...7/ So applying transpositions to e, we see:

#(e) + k = #(e) + ! mod 2

Son+k=n+1mod 2 so k=1 mod 2, as desired.

Definition. Writing o € S, as a product of transpositions, o = 7y ..., the sign of o is defined as
sign(o) = (—1)*.
If sign(o) = 1, we say o is an even permutation, and if sign(c) = 1, we say o is an odd permutation.

Theorem. For n > 2, sign : S,, — {£1} is a surjective homomorphism

Proof. Know well-defined from above. Then have sign(co’) = (—1)** = (=1)* . (=1)! to
show homomorphism. consider e and (12) to show surjective.

Definition. The kernel of the homomorphism sign : S;,, — {£1} is called the alternating group, A,.

Prop. o € S, is even iff its disjoint cycle decomposition contains an even number if even-length
cycles. Even length cycles give sign —1, odd-length cycles give sign 1.

Proof. Let n be number of even-length cycles, m number of odd-length cycles.




2.4 Mobius Maps

Definition. A M&bius map is a function f : C — C of the form f(z) = %is with:
(a,b,c,d € C),ad — bc # 0, and:

Lemma. Mobius maps are bijections C - C.

Proof. Inverse of f(z) = Zjis is f71(z) = szj:’a (can check both ways work)

Theorem. The set M of Mébius maps forms a group under composition.

Proof. Can check axioms individually.

. Lwl oo owl /Il «aoco __ a
Remark. Can use conventions: “Z- =07, “5 = 00", “22 = &

Prop. Every Mobius map can be written as a composition of maps of the following forms:
i) f(2) =az (a#0)
i) f(z)=z+b
i) f(z) = 2

Proof. ¢ =0 case trivial,

c#0:

znﬂz—kgl:(m) Lo, (—ad + bc)e™? G0, a _
@ Z‘i‘g 744 @ Z‘i‘g cz+d

(6]

3 Lagrange’s Theorem

Definition. Let H be a subgroup of a group G,g € G. A set of the form gH = {gh : h € H} is
called a left coset of H in G and a set of the form Hg = {hg : h € H} is a right coset of H in G.
(9H,Hg C G).




Theorem (Lagrange’s Theorem). Let H < G be a subgroup of a finite group G.
i) |[H|=I|gH|Vg € G
ii) for g1,92 € G, either g1H = goH or g1H N goH = &
i) G= | gH
geG
In particular,
G| = |G : H||H]

Where G : H is the index of H in G (|G : H| is the number of distinct cosets of H in G)

Proof.
i) The function H — gH given by h — gh defines a bijection (inverse gh — g~tgh = h)
ii) Suppose non-empty intersection then show this implies equality (LHS C RHS and vice
versa)
iii) Given g € G, then g € gH so LHS C RHS but also have RHS C LHS So cosets partition
G, implying |G| = |G : H||H|

Remark. Used left cosets but could have used right cosets similarly to get an analagous
result.

Prop.
G H=gH < g/'gx€ H

Proof. Trivial from definitions.

|G:H|
Definition. Taking an element from distinct cosets of H in G: g1, 92,...,9|q:x|, then G = |J ¢;H.
i=1
The g; are called coset representatives of H in G

Corollary. Let G be a finite group and g € G. Then ord(g)||G|.

Proof. Take H = (g). Then ord(g) = |H| which divides |G| by Lagrange

Corollary. Let G be a finite group, g € G. Then ¢/ = e.

Proof. From previous corollary, |G| = ord(g) - n, some n € N.
So g|G\ _ gord(g)~n _ (gord(g))n —e" —¢

Corollary. Groups of prime order are cyclic and are generated by every non-identity element.

Proof. Consider (g) for some non-identity element g. |(g)| = p as divides p and contains e, g.
Hence group cyclic.
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Theorem (Fermat-Euler). Let n > 1, N € Z coprime to n. Then N¥(") =1 (mod n).

Proof. Have Z; with multiplication a group order ¢(n) and so follows from corollary.

Prop. If |G| =4, then G = C4, or Cs X Cy.

Proof. Possible element orders: 1,2,4

If there is an element order 4, then group is Cj (generated by element)

If there isn’t then non-identity elements all order 2. Take 2 distinct elements order 2 say b
and ¢ and show G isomorphic to Cy x Cy by direct product theorem.

4 Quotients of Groups

4.1 Basic Definitions

Definition. A subgroup N of G is normal if Vg € G,gN = Ng. We write N < G. Equivalently:
Yge GVne N,g lnge N

Vge G, g 'Ng=N
(here g"'Ng = {g7'ng:n € N}).

Prop. The following are equivalent (TFAE):
Vg e GgN = Ng

Vge GVneN, g 'nge N
Vge@G, g 'Ng=N

Proof. Can show equivalence trivially.

Prop.
i) Any subgroup of an abelian group is normal.
ii) Any subgroup of index 2 is normal.

Proof.
i) G abelian = g lng=nVg € G,¥n € N
ii) Cosets partition group so cosets are H and G\ H for both left and right cosets cases so
gH = Hg so H normal in G

Prop. If ¢ : G — H a homomorphism, then ker p < G.

Proof. Already know it is a subgroup, trivial to show normal. (consider ¢(g~'kg)

11



Prop. If |G| = 6, then G = Cg or Dg.

Proof. By Langrange, possible element orders are 1,2, 3, 6.
Is there an element order 67

If yes: G = Cgq
If no: there is an element order 3, say r. (By Cauchy or if only order 2 then 6 a power of 2).
Hence |G : (r)| = 2 so normal and consider cases for conjugation by order 2 element (must

exist by considering sets of (g)).

Prop. Let N <G. The set of (left) cosets of N in G forms a group under the operation g4 N - goN =
9192 N

Proof. Can check well-definedness, 3 axioms.

Definition. If N <G, the group of (left) cosets of N in G is called the quotient group of G by N,
written G/N.

Remark. Normality not transitive i.e. N <H and H 4G =5 NG

Theorem. Given N <G, the function 7 : G — G/N, 7(g) = gN is a surjective homomorphism with
kerm =N

Proof. Homomorphism follows previous prop. Surjective trivial.

Note. This together with the fact that kernels are normal subgroups shows “normal subgroups
are exactly kernels of homomorphisms”

4.2 First Isomorphism Theorem

Theorem (15 Isomorphism Theorem). Let ¢ : G — H be a homomorphism. Then G/ker ¢ = Im ¢

Proof. Define g : G/ kerp — Im ¢ via

gker o = ©(g)

Well-defined: show 2 representations of same coset of ker ¢ map to same thing.
Homomorphism: follows from ¢ being a homomorphism.

Surjective: all elements in Im ¢ are of the form ¢(g) for some g € G so clearly surjective.
Injective: if B(gker ¢) = e = p(g) in Im (p), then g € ker ¢, so gker p = ker




4.3 Correspondence Theorem

Theorem (Correspondence Theorem). Let N < G. The subgroups of G/N are in bijective corre-
spondence with subgroups of G containing N.

Proof. Let N C M < G and consider the quotient map
7:G— G/N

7(M)={mN:meM}=M/N <G/N

Then show any H < G/N can be written as H = M/N, for some M by just showing the
preimage is a group containing N and then let 7= 1(H) = M.

7 (M/N)={mcG:mN c M/N}=M

So map between the subgroups of G/N and subgroups of G containing N is invertible and
therefore they biject

Note. This correspondence preserves lots of structure: indices, normality, containment.

4.4 Second Isomorphism Theorem

Corollary (2" Isomorphism Theorem). Let H < G, N<G. Then HONN<H and H/HNN = HN/N

Proof. Consider function ¢ : H — HN/N, ¢(h) = hN. This is a well-defined surjective
homomorphism. Find the kernel then result follows by 1% isomorphism theorem.

4.5 Third Isomorphism Theorem

Corollary (3' Isomorphism Theorem). Let N < M < G s.t. N<G,M <G. Then M/N < G/N
and (G/N)/(M/N) = G/M

Proof. Define ¢ : G/N — G/M by p(gN) = gM.
Well-defined since N < M, surjective homomorphism. Find the kernel then result follows by
15¢ isomorphism theorem.

Definition. A group G is simple if its only normal subgroups are {e} and G.




5 Group Actions

5.1 Basic Definitions

Definition. Let G be a group, X be a set. An action of G on X is a function o : G X H — X,
a(g,z) = ag(x) = g(z), satisfying:

g(z) e XVge GVx € X
e(z) =zVr e X

g(h(z)) = gh(x)VYg,h € GVz € X
Notation: G ~ X

Lemma. Vg € G,ay: X — X, x — g(x) is a bijection

Proof. Have inverse ay-1 : X — X, 2 — g~ '(2)

Prop. Let G be a group, X a set. Then o : G X X — X (a(g,z) = g(x)) is an action iff p : G —
Sym(X) with p(g) = o is a homomorphism

Proof. — : Have o an action.By previous lemma, oy is a bijection X — X, so a4 €
Sym(X).

So p(gh) = agn = agan = p(g)p(h), so p homomorphism.

<= : Given p : G — Sym(X) a homomorphism, can define « : G x X — X by a(g,z) =
ag(x) = p(g)(x) and can show « is an action.

Definition. The kernel of an action « : G x X — X is the kernel of the homom. p: G — Sym(X).
These are all the elements of G that act as the identity of Sym(X)

Note. G/ker p = Im p < Sym(X) (by 1%* isomorphism theorem) so in particular if ker p = {e}, then
G < Sym(X)

Definition. An action G on X is faithful if ker p = {e}

5.2 Orbits and Stabilisers

Definition. Let G act on X, x € X.
The orbit of z is:

Orb(z) = {g(z): g € G} C X.
The stabiliser of x is:

Stab(z) ={g € G:g(zx) =2} CG

Definition. An action is transitive if Orb(z) = X.

14



Lemma. For any z € X, stab(x) is a subgroup of G

Proof. Quick subgroup check works.

Lemma. Let G act on X. Then the orbits partition X

Proof. If an element in X in 2 orbits, show the orbits must be equal (by showing subsets of
one another)

Theorem (Orbit-Stabiliser). Let G act on X, G finite. Then for any = € X,

|G| = [Orb(z)[ - [Stab(z)]

Proof. Showing points in orbit of z in bijection with cosets of Stab(x):
g(x) = h(z) <= h'g(x) =r <= h'g € Stab(z) <= g Stab(z) = h Stab(x)

So |Orb(z)| = |G : Stab(z)| = |G|/|Stab(x)| by Lagrange.

5.3 Symmetry Groups of Polyhedra

Prop. Symmetries of tetrahedron isomorphic to Sy.

Proof. Let G be the group of symmetries of the tetrahedron.

Clearly G acts transitively on the vertices, and no non-identity symmetry fixes all vertices, so
get p: G — Sy injective.

Orb(1) = {1,2,3,4}, Stab(1) = symmetries of a triangle.

|G| = |Orb(1)| - [Stab(1)] =4-6 =24 so G = S,

Prop. Let GT be the symmetry group of rotations of cube. G+ = S,

Proof. Consider it acting on vertices and use orbit stabiliser to show |G*| = 24, consider it
acting on 4 diagonals and show you can get (12) and (1234) by considering rotation angle
axis diagonal or rotation angle 5 axis vertical through center respectively. Thus can generate
all transpositions so can generate group.

15



Theorem (Cauchy’s Theorem). Let G be a finite group, p a prime s.t. p||G|. Then G has an element
of order p.

Proof. We will construct an action onto a subset of GP and, considering orbits of this, we
will deduce there must exist such an element.

Let p||G|. Consider GP = G x G x --- x G, i.e. the group formed of p-tuples of elements of G,
with coordinate wise composition where

(gtha cee 7gp) & (hla h2a .. 'ah/p> = (glh1a92h27 e 7gphp)

Consider the subset X C G? where X = {(¢1,92,...,9p) € G? : g192...9p = €}
Note that if g € G has order p, then (g,g,...,9) € X.

And if (g,9g,...,9) € X, g # e then g has order p (since p prime).

Now take a cyclic group C, = (a), and let C,, act on X by “cycling”.

a(gl7"'agp) = (g27g37"'7gp7gl)

We can check this is an action.

Orbits partition X, sum of sizes of distinct orbits must be |X|. But we know |X| = |G|P~!
(can choose first p — 1 elements and last fixed as inverse).

Hence as p||G|, p||X]|.

Considering the orbits size 1 and orbits size p. Since |Orb(e,e,...,e)| = 1, there must be
other orbits of size 1 (at least p — 1 such). Orbits size 1 are just tuples of 1 element repeated
so from before, we have an element order p.

5.4 Left Multiplication Actions

Lemma. Let G be a group. G acts on itself by left multiplication. This action is faithful and
transitive.

Proof. Can check satisfies definition of action trivially.
Faithful: g(z) = zVx € G, then ge =esog=e¢

Transitive: given 2,y € G, by setting g = yz~! we have g(z) =gr =yz 'z =y

Definition. The left multiplication action of a group on itself is called the left regular action.

Theorem (Cayley’s Theorem). Every group is isomorphic to a subgroup of a symmetric group

Proof. Let G act on G by the left regular action. This gives a homomorphism:
p:G— Sym(G)
with ker p = {e} since the action is faithful. so,by the 15¢ Isomorphism Theorem,:

G=G/kerp= Im p < Sym(G)

16



Prop. Let H < G. Then G acts on the set of left-cosets by left multiplication, and the action is
transitive.

Proof. Can check satisfies definition of an action trivially.
Transitive: given gy H, go H, have (9195 *)(92H) = 9195 g2 H = 1 H

Notes.
e this is the left regular action if H = {e}
e this induces actions of G on its quotient groups G/N

5.5 Conjugation Actions

Definition. Given g, h € G, the element hgh~! € G is the conjugate of g by h.

Note. Can view conjugate elements as doing the same things just from a different perspective.
Think about changing bases in a vector space. The conjugate matrices do the same thing just
viewed from different ‘lenses’.

Prop. A group G acts on itslf by conjugation.

Proof. Can check satisfies definition of an action trivially.

Definition. The kernel of the conjugation action of G on itself is the center Z(G) of G:
Z(G)={g € G:ghg™' = hVh € G}

“elements that commute with everything”

Definition. An orbit of the conjugation action of G on itself is called a conjugacy class:

ccl(h) = {ghg™' : g € G}.

Definition. Stabilisers of the conjugation action of G on itself are called centralisers:
Ca(h) ={g€G:ghg™' = h}

“elements that commute with h".

Prop.

Proof. Can show subsets of each other.




Definition. If H < G, g € G, then the conjugate of H by g is:

gHg ' ={ghg™' :h € H}

Prop. Let H < G,g € G. Then gHg ™! is also a subgroup of G.

Proof. Check axioms individually.

Note. gHg™ ! is isomorphic to H (trivial proof, isomorphism is h + ghg=!)

Prop. A group G acts by conjugation on the set of its subgroups. The singleton orbits are the normal
subgroups.

Proof. Can check satisfies definition of an action trivially.
Singleton orbits are the normal subgroups as N IG <= Vg€ GgNg~* =N

Prop. Normal subgroups are those subgroups that are unions of conjugacy classes.

Proof. Let N < G. Then if h € N, then ghg~! € NVg € G. So ccl(h) C N.
So N is a union of ccls of its elements, i.e.

N = U ccl(h)

heN

(RHS C LHS as ccl of each h subset of N. LHS C RHS as given h € N, h is in its own ccl.)
And conversely, if H a subgroup that is a union of ccls, then:

VgeG,Vhe H, ghg' €c H = H<G

Lemma. Given a k-cycle (a; ... ax) and o € S,,, we have:
olay ... ag)o~t = (o(ay) o(az) ... olay))
Proof.
olay ... ap)o ™t 1o(ay) = a1 — ag — o(az)
J((IQ) = a1 — ag —r J(ag)
o(ax) — a1 — ag — o(az)
Soa(ay ... ax)otand (o(a1)o(az) ... o(ag)) do the same thing on {o(a1),o(az),...,o(ax)}.
For any a ¢ {o(a1),0(az),...,0(ax)}, (o(a1)o(as) ... o(ax)) leaves a unchanged, and
o(ay ... ag)o~! does too as o~ (a) € {a1,...,ar}




Prop. Two elements of S,, are conjugate (in S, i.e. via conjugation by an element € S,,) iff they
have the same cycle type.

Proof. Two elements that are conjugate clearly have same cycle type as by writing in disjoint

cycle notation:

popt = porp~tpoapt .. pomp !

1 1

And previous lemma shows each po;p~" a cycle length o; and the po;p~" are distinct since p
is a bijection.

Previous lemma shows that same cycle type = conjugate as if:
o= (a1 ... ar)(Ak+1 - ky)(Akgt1 ---) .-

T = (bl bk)(bk1+1 bkz)(bkz-‘rl )

Then p defined by p(a;) = b; has pop™! = 7.

Method. Determining conjugacy classes of Sy:

cycle type | example element | size of ccl | size of Cg, | sign
1,1,1,1 e 1 24 +1
2,1,1 (12) 6 4 -1
2,2 (12)(34) 3 8 +1
3,1 (123) 8 3 +1
4 (1234) 6 4 -1

Notes.
e Determine size of ccl by combinatorics.
e Determine size of Cg, by |S4|/|ccl| (orbit-stabiliser)

From the information above, can deduce the normal subgroups of S4 as order divides 24 and order is
size of union of ccls ie sum of sizes of ccls and must have e.

Warning. If 2 elements are conjugate in S,, that does NOT mean they are conjugate in A,,.

Method. Determining possible sizes of a ccl in A,:
The size of a conjugacy class in A,, of an element in A, is either the same size as the ccl in S,, or half
the size of the ccl in S,,.

|Sn| = |cclg, (o)] - |Cs, ()]

|An| = |ccla, (0)] - [Ca, (0)]
But |S,| = 2|A,| and |ccly, (0)] < |ecls, (o)] and |Cy, (0)] < |Cs, (0)]

Hence 1
lecla, (0)| = 5lecls, (0)] and |Ca, ()] = [Cs,, (o)]
Or .
lecla, (0)| = |ecls, (0)] and [Ca, (0)] = 5|Cs,, (o)l
Definition. When |ccla, (o) = %] cclg, ()|, we say that the conjugating class of o splits in A,,.
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Prop. The ccl of o € A, splits in A,, iff no odd permutations commute with o

Proof. 1
lecla, (9)] = 5lecls, (0)] <= |Ca, (o) = |Cs, (0)]

We have:
CAH((T) =A,N CSH(U)

A, NCs, (o) =Cg, (0) iff Cg, (o) contains ONLY even elements ie no odd elements. Hence,
we have this iff no odd permutation commutes with o.

Note. Hence to determine the size of a ccl in A,,, determine the size in S,,. It remains the
same if an odd permutation commutes with your element. If no such odd permutation exists,
then divide size of ccl in S, by 2.

Method. Showing no odd permutation commutes with an element in A,,:
One way of doing this is by determining exactly what Cg (o) is.
e.g. Cg,(123) =((123)) since |Cs,(123)| and all of ((123)) clearly commutes with (123)

Lemma. Cg, (12345) = ((12345))

Proof. Show size of ccl is 24. Thus size of centraliser is 5. RHS contained in centraliser and
same size hence centraliser is RHS.

Theorem. Aj is simple.

Proof. Normal subgroups must be unions of ccls, must contain e and must order must divide
|As| = 60.

Show sizes of ccls in A5 are 1,15,20,12,12. Hence only ways to get a number dividing 60
whilst ensureing we have ‘1’ in our sum are:

1=1

And
1+15+20+12+12=060

Hence the normal subgroups of As are {e} and As




6 The Mobius Group revisited

6.1 Mobius Group acting on C

Remark. The Mdbius group acts on C

Prop. The action M on C is faithful, and so M < Sym(C)

Proof. Consider p : M — Sym(C) given by p(f)(z) = f(2).

Then if p(f) = id. permutation of C then f is the identity in M. So p injective and the action
is faithful.

Definition. A fixed point of a M&bius map f : C—oCisa point z € C s.t. f(z) =z

Theorem. A Mobius map with > 3 fixed points is the identity

b .
zzzid has > 3 fixed points.
az+b

If oo not a fixed point then 22 T4 =% for > 3 complex numbers, ie:

Proof. Suppose f =

2>+ (d—a)z—b=0

Has > 3 roots in C. But a quadratic has < 2 roots, so must have c = b=0,d = aie. f(z) = z.
If oo a fixed point, then ¢ = 0. Hence consider:

(a—d)z+b=0

Instead which must have > 2 roots in C. Similarly above has < 1 roots unless a = d,b = 0
hence this is the case and so f(z) = z

Corollary. If two Mobius maps coincide on 3 distinct points in C, then they are equal.

Proof. If f and g are 2 such permutations coinciding on z1, 29, 23, then g~ f(z;) = 2; for
i=1,2,3.

So g1 f fixes > 3 points.

So g~ f = id. from previous theorem so f = g.

Remark. We can interpret this as “knowing what a Mobius map does on 3 points in C
uniquely determines it.”




Theorem. There is a unique Mébius map sending any 3 distinct pints of C to any 3 distinct points
of C, i.e. given z1, 29, 23 € C (distinct) and w;, wy, w3 € C (distinet), I f s.t. f(z) = w; for i =1,2,3

Proof. We show unique map sending to (0,1, c0) initially:
Suppose first that w; =0, wy = 1, w3 = oo.

Then f(z) = % satisfies f(z;) = w;Vi.

Special cases:

o if 21 = oo use f(z) = 22
o if zp = oo use f(z) = =2
Z—21

o if 23 = 0o use f(2) = 22
Thus can find f; sending (21, 22, 23) to (0, 1, 00)
and f; sending (wy, ws, ws) to (0,1,00)
Then f = f; ' fi will send (21, 29, 23) to (w1, ws, w3) as required (f € M since M is a group).
Uniqueness follows from previous corollary.

Theorem. Every non-identity f € M has 1 or 2 fixed points. If f has 1 fixed point, then it is
conjugate to x — z + 1.
If f has 2 fixed points, then it’s conjugate to a map of the form z — az, for some a € C\{0}

Proof. Have if f # id. then f has < 2 fixed points.
If f(z) = Zjig, by considering the quadratic: cz? + (d — a)z — b = 0 (arising from f(z) = 2)
which must have > 1 solutions, we see there’s at least one fixed point.
e If f has exactly 1 fixed point zy, choose z; € C not fixed by f.
Then (21, f(21), 20) are all distinct (easy check) so there is g € M s.t. (21, f(21), 20) —
(0,1, 0)
Consider gfg~!. We have:

gfgfl:OHzlwf(zl)Hl
O 2Zg > 29— 0

So gfg=1(0) =1, gfg (o) = 00, so gfg~! must be equal to z + az+1(a € C) (trivial
check)
If a # 1, then this has ﬁ # 0o as a fixed point. Xsince oo must be the only fixed point
of gfg~' as same number fixed points as f.
So a =1, and then f conjugate (via g) to z — z+1

e If f has exactly 2 fixed points: let g be any M&bius map sending (zg, z1) — (0,00) So

gfg 0 29 29— 0

o0 21 = 21 = OO

So gfg~! fixes 0 and oo so must have the form z — az where a = gfg=1(1) (trivial
check)

Remark. We can use this to efficiently work out f™ for f € M
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Note. Equation of circle in C center b € C, radius r > 0:
|z—bl=r < 2Z2—bz—bz+bb—1>=0
Equation of a straight line in C:

a+ b +a+ib_ 0
z Z—c=
2 2

aRe(z) + bIm(z) = ¢ <=

Under stereographic projection to the Reimann sphere, lines can also be considered circle

Definition. A circle in C is the set of points satisfying the equation
A2z+Bz+Bz+C =0

with A,C € R, B € C, and |B|?> > AC.
We consider oo € C to be a solution <= A =0

Note. Can show the set of points satisfying such an equation is always either circle in C or
lineU{oo}

Theorem. Mobius maps send circles in C to circles in C

Proof. Since M generated by z +— az, z+— 2+ b, z — 57 it suffices to check for these maps.
Writing S(A, B, C) for the circle satisfying

Azz+Bz+Bz+C =0 (1)
Can check that under z — az:
A B
S(A4,B,C)— S(=—,—=,0C)
aa’ @

under z — z + b: B L
S(A,B,C)— S(A, B — Ab,C + Abb — Bb — Bb)

under z — %:
solutions to (1) becomes solutions to Cww + Bw + Bw + A = 0 so:

S(A,B,C) — S(C, B, A)

Remark. A circle is determined by 3 points on it, and a Mobius map determined by where
it sends 3 points so easy to find a Mdbius map sending a given circle to another circle (just
consider 3 points on each and find map between them)




6.2 Cross-Ratios

Definition. If 21, 29, 23, 24 € C distinct, then their cross-ratio [21, 22, 23, 24] is defined to be f(z4)
where f € M is the unique M6bius map s.t.

f(z1) =0, f(z2) =1, f(z3) =0

Note. [0,1,00,w] = wVw € C\{0,1, 00}

Equation. We have the following formula for computing the cross-ratio:

(22 — 21)(22 — #3)
(22 — 21)(24 — 23)

[2‘1,2272’3724] =

With special cases interpreted accordingly when z; = co for some i e.g.

_(sa—o0)(z2—23)  22—23
[007227237'24] — —
(22 — 00)(24 — 23) 24 — 23

This formula follows from the proof that we have unique Mdbius map sending any 3 distinct points
to 3 distinct points.

Prop. Double transpositions of the z; fix the cross-ratio, i.e.

[2’1,22,2’3, Z4] = [z27z17 Z47Z3] - [z37z47Z17 22] = [z4az37 22721]

Proof. By inspection of formula

Theorem. Mdobius maps preserve the cross-ratio, i.e. Vg € M, Vz1, 29, 23,24 € C distinct,

[9(21), 9(22), 9(23), g(24)] = [21, 22, 23, 24]

Proof. Consider f : (21, 22, 23) — (0,1, 00).
Then consider fg~! acting on the g(z;) to show:
[9(21), 9(22), 9(23), 9(2a)] = (f © g~ ) (9(2a))
= f(z)

= [2172’2723,24]

Note. This leads onto a nice geometric corollary:




Corollary. Four distinct points z1, 22, 23, 24 € C lie on a circle iff [z1, 20, 23, 24] € R

Proof. Cousider f : (z1,29,23) — (0,1,00). Since circles sent to circles, all points on circle
sent to real axis.

7 Matrix Groups

7.1 Basic Definitions

Definition. GL,(F) = {A € M, «x»(F) : A is invertible} is the general linear group over F

Note. det : GL,(F — F* is a surjective homomorphism

Definition. The special linear group, SL,(F) < GL,(F) is the kernel of the det homomorphism.

Definition. O,, = O, (R) = {4 € GL,(R) : ATA = I} is the orthogonal group.

Note. Can check axioms to show indeed subgroup of GL,,(R)

Prop. det: O, — {£1} is a surjective homomorphism

Proof. If A € O,,, then ATA = I. Can reason from there using properties of determinant.

Definition. The special orthogonal group SO,, = SO,,(R) is the kernel of the det homomorphism,
i.e.

SO, ={A €O, :det A=1}

7.2 Modbius maps via matrices

Prop. The function ¢ : SL2(C) - M

[Z Z] — [ where f(z) = 22t is a surjective homomorphism with kernel {I, —I}

Proof. Homomorphism: check works M; and My
Surjective: show every map has corresponding matrix

Kernel: b= ¢ = 0 considering 0 and co. a = d considering 1 so have [g 2]

Considering determinant gives desired kernel
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Corollary.

Proof. By 15 isomorphism theorem

Remark. Quotient SLs(C)/{I,—I} known as the projective special linear group
PSLy(C)

7.3 Change of Basis

Remark. Representing the same linear map with respect to 2 different bases gives 2 matrices A and
B where B = P~' AP, some matrix P, the change of basis matrix.

Prop. GL,(F) acts on M, «,(F) by conjugation. The orbit of a matrix A € M, «,(F) is the set of
matrices representing the same linear map A wrt different bases.

Proof. Can check satisfies definition of an action trivially.

A and B in the same orbit

<= A= PBP! for some P € GL,(F)

< B=P AP (P € GL,(F))

<= B represents the same linear map as A but wrt the basis obtained via the change of
basis corresponding to P

Note. From V& M, have every matrix in Myx2(C) is conjugate to a matrix in Jordan Normal Form
i.e. to one of the following types of matrix:

A0 A0 Al
[0 AJ (N1 # A2), [0 A] o {0 )\}
See vectors and matrices notes for which form any given matrix conjugate to. No 2 matrices above

. . 0 1| |{At 0] |0 X2 O
are conjugate to one another (except swapping A1, A2 from [1 O} [ 0 )\J [ 1 0} = [ 0 )\1]

Prop. P € O,, <= the columns of P form an orthonormal basis.

Proof. Have
(PTP)ij =P p; = P; P,

Hence P € 0, «<— PTpP = 0ij = DP;- p; = 0;j <= the columns of P form an
orthonormal basis.
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Prop. PO, < Px-Py=x-yVx,y e R"”

Proof. —:
Px-Py = (Px)T(Py)=x"PTPy=x"TIy=x"y=x-y

<
If Px- Py =x-yVx,y € R", then taking the standard basis e;, e; we have:

Peleej =€;-€5 :6ij

So the vectors Peq,..., Pe, are orthonormal.
These are the columns of P, so P € O,, by previous prop.

Corollary. For P € O,, x,y € R", we have:
i) |Px| = [x|
ii) Px/Py = x/y (angle)

Proof.
i) Follows from previous prop, taking y = x
ii) Angles defined using inner product,
Xy Px - Py

/y) = = = Px/P
0s(x2Y) = iyl ~ 1PxlPy] ~ CSEXEY)

Since cos : [0, 7] — [—1,1] is injective, x/y = Px/Py.

Definition. If a € R™ with |a] = 1, then the reflection in the plane normal to a is the linear
map:
R, :R" - R"

Xx—x—2(x-a)

Lemma. R, lies in O,

Proof. Show by showing R,(X) - Ra(y) =x-y

Lemma. Given P € O,, PR.P~! = Rpa

Proof.

PR,P'(x) = P(P7'(x) —2(P"*(x) -a)a)
=x —2(P7!(x)-a)(Pa)
But P~! = PT and (PT(x)-a) =xTPa=x-Pa

So PR,P™! =x —2(x - Pa)(Pa)
So PR,P~! = Rp, as desired
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Prop.
R, € O,\S,

Proof. Have det R, is the product of evals, evals are -1 and 1 (multiplicity n — 1)

cosf) —sinf

Theorem. Every element of SOj is of the form | .
sinf  cosf

] for some 6 € [0,27) and conversely,

every such element lies in SO.

Proof. Have AT = A~1 which leads us to a = d, b = —c.
Determinant == a2 + ¢®> = 1 so let a = cosf, ¢ = sinf for unique 6 € [0,27). Conversely,
have determinant of such matrix is 1 and it is in Oy (orthogonal columns) so in SOs

Theorem. The elements of O3\SO5 are the reflections through the origin

Proof. Have AT = A~"! which leads us to a = —d, b = c.

Determinant == a? + ¢ = 1 so let a = cosf, ¢ = sin 6 for unique 6 € [0, 27).
) in @ 9 9
Can check A [ st 29} =— [ St 29} and A [Cf)S 3] = [CS)S 3]
—Cos 5 —Cos 5 sin 5 sin 5
sin 5
2

— cos %
Conversely, any reflection in a line through the origin will have this form, so in O3\ SO-

So A is the reflection in the plane orthogonal to the unit vector:

Corollary. Every element of O is the composition of at most two reflections.

Proof. If A has determinant —1 then is a reflection.

ElseA:A[_1 U . = 0

0 1 0o 1l which is product of 2 reflections.

Theorem. If A € SO3, then Iv € R® s.t. |[v|=1and Av=v

Proof. Suffices to show 1 is an eval.

Have det(A —I) = det(A — AAT) which leads to det(A —I) = det(I — A) which leads to
det(A—1I)=—det(A—-1)

So det(A — I) = 0 as required.

(Then normalise an evec to get v with |v| =1)
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Corollary. Every A € SOj3 is conjugate (in SO3) to a matrix of the form:

1 0 0
0 cosf —sinf
0 sinf cosf

Proof. From previous theorem, have a v; which maps to itself. Now extend to orthonormal
basis and consider dot products of form Av; - Avy to show Avy and Avg lie in (va, v3).

So A maps (v, v3) to itself. Thus consider restriction of A to (va,vs). The 2 x 2 matrix still
has determinant 1 since A will be a matrix of form:

1 0 0
0 a b
0 ¢ d
so |° b must be of form | 0> 6 —sing from a previous theorem.
c d sinf  cosf

Indeed P € Os since {v1,va,v3} an orthonormal basis.
If P ¢ SO3, then can use basis {—vy, vy, vs} instead.

Corollary. Every element of O3 is the composition of at most 3 reflections

cosf) —sinf

Proof. If A € SO3, we have | .
sinf)  cos®

] is a composition of at most 2 reflections. Thus

so is B where:
1 0 0

PAP'=B= |0 cosf —sind
0 sinf cosf

Let B = By B>, product of reflections.
Then we have A = PBP~! = (PB;P~!)(PByP~!) And the conjugate of a reflection is a
reflection.
If det A = —1 then let:
=1l =1l
A=A 1 . 1
1 1

First product has determinant 1, second product is reflection in y — z plane so < 3 reflections
total as desired.

7.4 Symmetries of the cube revisited

Can think of the symmetries of the cube as a subgroup of Os.

Have O3 = SO3 x Cy (example sheet 4, but can show using direct products)

Where v — —v generates Cy. So if v — —v a symmetry of our platonic solid, then its group of
symmetries will also split as the direct product GT x Cs (can show by direct product)

So we have that the symmetry group of the cube is GT x Cy = S, x Cy by results from section 5.
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8 Groups of Order 8

Definition. The set {£1,+i, £j, £k} forms a group called the Quaternions, Qs. Where:
100 . (¢« O . |0 1 |0 4
R R R R
Note. Can check:

e g'=1Yg€ Qs

° (—1)2:1

e il=j=Kk*=-1

ei-j=k j-k=ik-i=j
eji=-kk-j=—ii-k=—j

Lemma. If a finite group has all non-identity elements of order 2, then it is isomorphic to Cy x Cy X
- X C2

Proof. Can easily show such a G must be abelian (ghg='h~! = ghgh = e) and that |G| = 2"
(Cauchy)

If |G| = 2, G = C,

If |G| > 2, then chose a3 order 2 in G and ag & (a1) and show (ay, az) = (a1) X (az) = Cy x Cs.
Continue in this was taking as, ... until we have all |(ay,az,...,ax)| = 2¥ = |G|
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Theorem. A group of order 8 is isomorphic to (exactly) one of:

Cg, Cy x Cy, Cy x Cy X Ca, Dg or Qg

Proof. Firstly, groups are not isomorphic. Abelian ones differ in maximal order of element.
Only 1 element order 2 in Qg but 4 such in Dg.
(i) Order of elements divide 8 so order of any element is 1, 2, 4 or 8
(ii) Consider first if element order 8, leads to G = Cs
(iii) Else if all non-identity order 2, then G = Cy x Cy x Co
(iv) Remaining groups have element h order 4 so (h) < G (index 2)
(v) for g & (h), g* € (h) (consider map to g(h))
(vi) g% = h or g?> = h? leads to g order 8 X
(vii) If g% = e, ghg~! € (h) (normal) and must be order 4.
e If ghg—! = h, have direct product Cy x Cs
o If ghg~! = h™!, recognise as Dg
(viii) If g% = h? (note does NOT mean g = h), still have ghg=! = h or h?
e If ghg~! = h, have gh order 2 so have direct product (h) x (gh) = Cy x Cy
o If ghg~! = h~!, define homomorphism:
e—1
h—i
g
gh —k
And powers defined from these. Clearly ¢ bijective, and can check its a homom. so
@ an isomorphism, so G = Qs.

—————————————

Remark. Qg has all subgroups normal but is not abelian.
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