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1 Vector Spaces, Subspaces

Notation. Let F' be an arbitrary field (e.g. F' = R or C)

Definition (F vector space). A F-vector space (a vector space over F') is an abelian group (V, +)
equipped with a function:
FxV =V, (Av)—XM

() is a scalar, v is a vector, \v is a vector)
Such that:

° /\(’Ul 4 UQ) = \vy + A\vg
o ()\1 G /\2)1) = \Mv + A0
o A(pw) = (Ap)v

o l-v=uv

We know how to:
e sum two vectors
e multiply a vector v € V' by a scalar A € F.

Examples. (i) n € N, F": column vectors of length n with entries in F’

1
veFv=|:!|,;€eF,1<i:<n
L
vy wy v1 + wy Avp
vtw=|:|+]|:|= : ;A=
U, Wy, Up + Wy, Avy,

F™ is an F-vector space.
(i) R¥ = {f : X — R} (set of real valued functions on X). We have that RX is a R vector space:
o (i +f2)(@) = fi(x) + fa(z)
o A\)(@)=Af(z),AeR

(i) My m(F) = n x m matrices with entries in F

Remark. The axiom of scalar multiplication implies that: Vv € V,0-v =0

Definition (Subspace). Let V' be a vector space over F'. The subset U of V is a vector subspace
of V (noted U < V) if:

e 0cU

o (up,ug) EUXU = uj+ug €U

o Nu)e FxU = MuelU
Equivalently:

e 0ecU

° V(>\1,)\2) € F xF, V(Ul,UQ) e U x U, \v1 + Xvg €U
This property means that U is stable by:

e scalar multiplication

e vector addition




Examples. (i) V = R¥ space of functions R — R; C(R) < V space of continuous functions R — R;
P(R) < C(R) space of polynomials
T
(ii) xy| € R® w1 + 29 + 23 =1t » (can check that this is a subspace for ¢ = 0 only).
T3

Prop 1.1 (Intersection of two subspaces is a subspace). Let V' be an F vector space. Let U, W < V.
Then:
Unw<vVv

Proof.
0eU,0eW = 0eUNW

Stability: given (A1, A\2) € F? and (vy,vs) € (U NW)2, we have that
Av1 + Agvg € U and A\jv1 + Aqvg € W

And so
Avr + A e UNW

I ——
Warning. The union of two subspaces is generally NOT a subspace.
(Typically not stable by addition)

Definition (Sum of subspaces). Let V be an F vector space, let U < V,W < V. The sum of U and
W is the set:
U+W={u+w: (u,w)elU x W}

Prop 1.2 (Sum of two spaces is a subspace). For V a F vector space, (U < VW <V) — U+W <
V

Proof.
0:O€U+OEW EU+W

Given A\, \s € F and f,g € U + W, we have

f=h+f
g=91+9g2

with f1,91 € U and fs, 92 € W. Hence
Mf4+Aog= /\1(f1 P fz) ar )\2(91 —|—g2) = (/\1f1 ol )\291) ol ()\1f2 + /\292) ceU+W

(first bracket in U, second bracket in W)

Exercise: Show that U + W is the smallest subspace of V' which contains U and W.




1.1 Subspaces and quotient

Definition (Quotient). Let V be an F vector space. Let U < V. The quotient space V/U is the
abelian group V/U equipped with the scalar multiplication:

FxV/USV/U (Av+U)—w+U

Note. We must check that the multiplication operator is well-defined. Indeed,

m+U=v4+U = vy —vy €U
:>)\(’U1—1}2)€U
= Ay +U =X n+U€eV/U

Prop 1.3 (Quotient spaces are vector spaces). V/U is an F' vector space.

Proof. Exercise.

1.2 Spans, Linear Independence and Steinitz Exchange Lemma

Definition (Span of a family of vectors). Let V be an F' vector space. Let S C V be a subset (so S
is a set of vectors). We define:

(S) = {finite linear combinations of elements of S}

= {Z AsUs : vs € s, only finitely many As are non—zero}
seES

Write (S) for span S. By convention, (&) = {0}

Remark. (S) = smallest vector subspace of V' which contains S.




Examples. (i) V =R3:

1 0 3 a
S=< 0|, |1, |-2 = (9) = B |, (a,8) € R?
ol |2| |-4 28
(ii)

o
I 0
V=R"= s eER 1I<Si<n,, e=|1
. 0
_O_

(1 on i-th position) so V' = span (e;)1<i<n
(iii) X set, V=RX ={f: X = R}

1 ifzx=y

Sz X =R, y— ’
0 otherwise

Span(S,)zex = {f € R¥ : f has finite support }
(Supp f = {z: f(z) #0})

Definition. Let V be an F-vector space. Let S be a subset of V. We say that S spans V if (S) =V

Definition (Finite dimension). Let V' be an F-vector space. We say that V is finite dimensional
if it is spanned by a finite set. We say V is infinite dimensional if there is no family S with finitely
many elements which span V.

Example. Let V = P[z], the set of polynomials in R. Let V,, = P,,[z], the set of polynomials in R
with degree <n,n e N. V,, = ({1,z,...,2"}) so V,, is finite dimensional

Claim. V = P[z] is infinite dimensional

Proof. Exercise.

If V is finite dimensional, is there a minimal number of vectors in the family required so that the
family spans V7




Definition (Independence). We say that (vq,...,v;,) elements of V are linearly independent if
n
Zkivizo, NEF — Mi=X=---=X,=0
i=1

Equivalently, (v1,...,v,) are not linearly independent if one of them is a linear combination of the
(n — 1) reaining ones.
Indeed, I(A1,...,A\n), 4 € [1,n] s.t. >0, Niv; = 0 and A; # 0.

Which implies
1 n
’Uj = —Y E )\ivi

T itj

Remark. (v;)1<i<y linearly independent = Vi € [1,n|, v; # 0

Definition (Basis). A subset S of V is a basis of V if:
(i) (5)=V
(ii) S linearly independent

Remark. When S spans V', we say that S is a generating family. So a basis is a linearly independent
generating family.

Examples. (i) Let V =R" and e; as before. Then (e;)1<i<n, is a basis for V' (exercise)
(i) V =C. C = C(= F) vector space, {1} a basis but also C = R(= F') vector space, {1,i} a basis
(iii) For V = P[z] = {P(z) polynomials on R}, S = {a™, n > 0} is a basis of V'

Lemma 1.4 (Unique decomposition for everything equivalent to being a basis). Let V be a F vector
space. Then (v1,...,v,) is a basis of V if and only if any vector v € V' has a unique decomposition:

n
v = E )\ivia
=1

Proof. "
W1yeeyvp) =V = Yo e V,3(\y,...,\p) E F" st. v = Z/\ivi
i=1
If . .
v = Z)\Z'Ui = Z)\;vi
i=1 i=1
then

n

Z(/\z — /\l)’l}i =0

i=1

so we must have A; = A}, V1 < i < n since (v;)1<i<n linearly independent




Lemma 1.5 (Some subset of a spanning set is a basis). If (v1,...,v,) spans V, then some subset of
this family is a basis of V.

Proof. If (vy,...,v,) are linearly independent, done. If they are not, then up to changing
indices,
Up € span(vy, ..., Vn—1) = (V1,...,0n) = (V1,...,Un_1)
— <1}1,...,1}n,1> =

Iterate this process

Theorem 1.6 (Steinitz Exchange Lemma). Let V' be a finite dimensional vector space over F'. Take

(v1,...,Vn) linearly independent, and (w1, ..., w,) which spans V. Then:
(i) m<n
(ii) Up to reordering,
(U1« y Umyy Win g1y -« - , Wy, ) SPans vV

Proof (Induction). Suppose that we have replced (> 0) of the w;. Reordering if necessary,

(v1, .V Wity - wy) = V. If m =1, done. Assume | < m. Then: v, € V.
Wi, = Z ;v + Zﬁiwi
i<l i>1

Since the (v;)1<i<m ([ +1 < m) are linearly independent, one of the 3;, is non-zero. So, up to

reordering:
1
W41 = T(Ul+1 - Z QU5 — Z 52’111@)
I+l i<l il
— V is spanned by (vy,..., V41, Wit2,...,w,). And so we are done after m steps thus we

must have replaced m of the w; som <n

1.3 Bases, dimension, direct sums

Corollary 1.7 (Dimension fixed). V be a finite dimensional vector space over F, then: any two basis
of V have the same number of vectors called the dimension of V', dimp (V).

Proof. (vi,...,v,), (w1,...,wy,) basis of V over F. Then :
o (vi)i<i<n free, (w;)1<i<m generating = n <m
o (w;)1<i<m free, (v;)1<i<n generating = m <n

Corollary 1.8 (|Independent| < |basis| < |spanning|). Let V be an F vector space with finite
dimension n. Then:

(i) any independent set of vectors has at most n elements, with equality iff it is a basis

(ii) any spanning set of vectors has at least n elements, with equality iff it is a basis.

Proof. Trivial.




Prop 1.9 (Dimension of sum of subspaces). Let U, W be subspaces of V. If U and W are finite

dimensional, then so U + W and:

dim(U + W) =dim U + dim W — dim(U N W)

Proof. Pick a basis v1,...,v, of UNW. Extend to a basis: vi,...,vp,u1,...,un of U and
Viyeooy Up, Wi, ..., Wy of W
Claim. (v1,...,Vp,U1,. .., Uy, W1,...,W,) is a basis of U + W.

Generating family of U 4+ W: obvious.
Free family (linearly independent):

p m n
Zaivi + Zﬁiui + Z%wi =0
i=1 i=1 i=1
p m n
— Zaivi + Zﬂiui = Z%”wi
=1 =1 i=1

LHS in U, RHS in W

=1 =1

Aswvy,...,vp, basisof UNW

p m

— Z(az == Si)'Ui + Zﬁzuz =0
=1 i=1

= a; =-S5, Bi=0
p n

— Zawi+2’yiwi =0
1=1 1=1

As (v1,...,vp, w1, ..., wy,) free

= o =8i=7%=0

n p w
— Z%wieUﬁW — ZSivi:ZViwi
=1

Prop 1.10 (Dimension of quotient space). If V is a finite dimensional vector space over F and U < V'

(subspace), then U and V/U are also finite dimensional and:

dimV = dimU + dim V/U

V. We can show that (w;4+1 + U,...,w, + U) is a basis of V/U

Proof. Let (ug,...,u;) be a basis of U and extend it to a basis (ug,..

UL W1y« -+, W) Of




Remark. For V a vector space over F' and U < V', we say that U is a proper subspace if U # V.
Then U proper = dimU <dimV. (V/U # {0} = dimV/U >0 = dimU < dimV)

Definition (Direct Sum). V vector space over F and U,W < V (subspaces)
We say that: V. =U@ W (“V is the direct sum of U and W”)
iff every element v € V' can be written:

v =u+ w with (u,w) € U x W and this decomposition is unique.

Equivalently: V=U @ W
— Y eV, l(v,w) €U x W s.t. v=u+ w (uniqueness is important)

10




Lemma 1.11 (Direct sum <= sum with trivial intersection <= union of bases gives basis)
U, W <V, then:
The following are equivalent:
) V=Uepw
(i) V=U+Wand UNnW = {0}
(iii) For any basis By of U, By of W, the union B = B; U B is a basis of V

. Let

Proof. (i) = (i): V=U+W = YweV,I(u,w) €U xW s.t. v=1u+w.
Uniqueness: u; + wy = ug + wo = v

— U1 — Uy = W2 — W1 (LHSEU, RHS e W

= wu; = up and w; = wy, as UNW = {0}

(i) = (iii): By basis of U, By basis of W.
Let B=B1UDB,

e generating family of U + W obvious

o B free family: > \jv; =0 =0y + O

v; EB
S At Y Aw=0

u€ By wEBa
Thus by uniqueness:
E Ay = E Apw =0
u€EBy wEB3

= Ay =0,2,=0
As B basis, By basis
= B free family

(iii) = (ii) We need to show V. =U + W and U N W = {0}.
B1 basis of U and By basis of W = B = B; U By basis of V. (from (iii))

YveV,v= Z/\“u+ Z)\ww

uEB weE By
— V=U+W
Let v € UNW, then:

W) = Z/\uu: Z)\ww

u€B weB2
v = Z AU — Z Apw =0
ueBy we By

= A=Ay =0
As By U By free

11




Definition. ForV a vector space over F'
V1,...,0, <V (subspaces)

(i)
P
ZW:{U1+...+vp,vjEVj,1§j§P}
i=1

(ii) The sum is direct:

iff: U1+"'+Up:1)ll+-~-+1)1')
— ’1}1:1)/1’,_.7111):1}1’)
Equivalently:

Claim (Generalisation of previous lemma). TFAE:
P p
(i) > Vi= @ V; (sum is direct)
i=1 i=1
(i)

=

Vi, Vi | Y Vi | ={0}

J#i

p D
(iii) For any basis B; of V;,B = |J B; is a basis of > V;
i—1

= i=1

Proof. Exercise.

1.4 Linear maps, isomorphisms and the rank-nullity Theorem

Definition (Linear Map). V, W are F-vector spaces. A map «: V — W is linear iff:
V()\l,)\g) S F2, V(’Ul,’Ug) eV xV,

oz()\lvl aF )\21)2) = )\10&(’01) aF )\2@(1)2)

12



Examples. (i) Matrices R — R™
(i)
T

a: Ol 1) > CG1), frralPe) = [ Fe)de

o

is a linear map

Remark. For U, V,W F vector spaces
(i) Idy : V — V i a linear map
(i) U — V — W, composition of 2 linear maps is linear.

Lemma 1.12 (Linear maps can be idenfied by where they send basis). For V, W F vector spaces
with B basis for V', if ag : B — V is any map, then there is a unique linear map a : V' — W extending
ag (i.e. Yo € B, ap(v) = a(v)

n
Proof. veV,v=> A\v; and B = (vy,...,0,).
i=1
Necessarily by linearity:
n

av) =« <Z Ai%‘) = Z Aiar(v;)

i=1

Remark. (i) True for oo dimensional spaces as well. Often, to define a linear map, we
define its value on a basis and “extend by linearity.”
(ii) a1,y : V — W linear. If they agree on a basis B of V, they are equal.

Definition (Isomorphism). For V, W vector spaces over F. A map a: V — W is called an isomor-
phism iff:

(i) « linear

(ii) « bijection
If such an « exists, we note: V= W (V is isomorphic to W)

Remark. o :V — W linear isomorphism = o~ !: W — V is linear

Lemma 1.13 (‘is isomorphic to’ is an equivalence relation). = is an equivalence relation on the class
of all vector spaces over F'.
(i) 4y : V — V isomorphism
(ii) a:V — W isomorphism = «~!: W — V isomorphism
(iii) f U -V — W (maps f then « isomorphisms)
—> U — W given by a0 8 is an isomorphism.

Proof. Exercise.




Theorem 1.14 (Dimension n implies isomorphic to F™). If V is a vector space over F of dimension
n, then:

V=F"

Proof. Let B = (vi,...,v,) be a basis of V.

Then o : V — E7
n M

v= > A\v; = |...| is an isomorphism. (Exercise)
i=1 An

Remark. Choosing a basis of V is like choosing an isomorphism from V to F™

Theorem 1.15 (Isomorphic iff same dimension (for finite dimensions)). Let V, W be F vector spaces
with finite dimension. Then V = W iff they have the same dimension.

Proof. <—:dimV =dimW =n
= VEF" W2Ftso V=W
= : «: V — W isomorphism, B is a basis for V, then:

Claim. «(V) basis for W.
e «(B) spans V follows from surjectivity of o
o «(B) free family follows from injectivity of

—_

Proof. Exercise.

Definition (Kernel and image of a linear map). Let V, W vector spaces over F.
Let a: V — W linear map. We define:
keraw={v € V : a(v) =0} (kernel of @) Ima={w e W :3Jv eV, w=a(v)} (image of a)

Lemma 1.16 (kernel and image are vector spaces). ker « and Im « are subspaces respectively V' and
W

Proof. (A, )\2) € F?, (v1,v2) € ker a x ker a,

a(Av1 + A2va) = Aa(vy) + Aga(v2) =04+ 0=10

= A\1v1 + Avy € kera

(A1v1 + Aaw2) € F?, (w1, wa) € (Im )2,

wy = a(vy), we = a(ve)

= Mwi + dws = )\104(11)1) A )\20((’02) = a(Av + )\21}2) € Ima




Theorem 1.17 (Quotient by kernel isomorphic to image). Let V, W be F vector spaces. Let « :
V' — W linear map. then:

a:V/kera— Ima
a(v + kera) — a(v)

is an isomorphism.

Proof. @ well defined: trivial check
@ linear: follows immediately from « linear.
@ bijection:

e injectivity: @(v + kera) =0
= a(v) =0 = v kera
v+ kera =0+ kera
e surjectivity: follows from the definition fo Im a:

welma, eV :w=a() =a(v)

Definition (Rank and nullity). r(a) = dimIm (a) (rank)
n(a) = dimker () (nullity)

Theorem 1.18 (Rank-nullity Theorem). Let U,V be vector spaces over F, dimp U < +00
Let a: U — V be a linear map, then:

dimU = r(a) + n(a)

Proof. We have proved that:
U/ker a = Im ()

= dim(U/kera) = dimIm o

= dim(U) — dimker o = dimIm o
= dimU = r(a) + n(a)O

Lemma 1.19 (Characterization of isomorphism). V, W vector spaces over F of equal finite dimension.
Let o : V — W linear map, then TFAE:

(i) « injective

(ii) « surjective

(i) « isomorphism

Proof. Exercise. Follows directly from the rank-nullity theorem.

1.5 Linear maps from V to W and matrices

Definition. The space of linear maps from V to W over F is:
L(V,W)={a:V — W linear }

15



Prop 1.20 (Set of linear maps between V and W is a vector space). L(V,W) is a vector space over

F under the operations:
(a1 + a2)(v) = a1 (v) + aa(v)

(A@)(v) = Aa(v)

Moreover if V and W are finite dimensional, then so is L(V,W) and dimp L(V,W) =

Proof. L(V,W) vector space is an exercise
Dimension statement proved later.

1.5.1 Matrices and linear maps

Definition. An m X n matrix over F is an array with m rows and n columns with entries in F":

(@ij) 1<i<m = [... ay
1<5<n

a;; € F' with ¢ row, j column.
M, (F) = {set of m x n matrices over F'}

Prop 1.21 (Set of m x n matrices over a field is a vector space). M, ,(F) is an F vector space

under operations:
(aij) + (bij) = (ai; + bij)

)\((Lij) = ()\(Lij) ANEF

Proof. Exercise.

Prop 1.22 (Dimension of M, ). dimp M, ,,(F) =m xn

Proof. 1 <i<m, 1< j <n. Define elementary matrix:

0 0

oo llgs oo
Then (E;;) 1<i<m basis of M, »(F)

1<j<n

NgE

n
Spans obvious: M = (a;;)) 1<i<m = S @By
1<j<n j=1

i< =1

Free family obvious [

16



1.5.2 Representation of linear maps by matrices

~

o V. W vector spaces over F' and o : V' — W linear.
e Basis: B= (v1,...,v,) of V and C = (wy,...,w.y,) of W
A1
o IfveVuv= Z?Zl Ajvj = | ¢ | € F" (coordinates of v in the basis B)
An
A1
| =[vls
An
e Similarly, for w € W, we note:

[w]e = vector of coordinates of w in the basis C.

Definition (Matrix of a in B,C basis). [a]g,c = matrix of o wrt B,C
= ([a(v1)le, [a(v2)les -y -, [@(vn)le) € Mmxn(F)

Observation: If we let

[a]s.c = (aij) 1<i<m
1<j<n

Then, by definition: 1 < j <n

m
a(vj) = Z Q5 W;
i=1

Lemma 1.23 (Writing in a vector in a different basis). Yv € V,

[a(v)]e = [a]s,c[v]s

n
Proof. Givenv e V, v = )" \jv;
j=1

17




Lemma 1.24 (Matrix that is the composition of linear maps). U Ly v %% W linear and U 2% w
With: A basis of U

B basis of V

C basis of W

= [aoflac=lalsc-[Blas

Proof. uy; € A

(a0 B)(wm) = a(B(w))
=« Z bjl’l)j
= Z bja(v;) = ijz Zaijwi
=> D aibi | wi

With sum in brackets is the (4,1) entry of product of the 2 matrices.

Prop 1.25 (space of linear maps isomorphic to space of matrices from V to W). Given V and W
vector spaces over F' with dimp V =n and dimp W =m

L(V,W) = My, n(F)

Proof. Fix B,C basis of V, W.

Claim. 0 : L(V,W) — My, o(F)
o = [a]B,C
is an isomorphism.

Proof.
e ( linear: [Alal + )\gag]g’c = )\[al]g’c + Ao [Ozg]g’c
o 0 surjective: Indeed, pick A = (a;;) 1<i<m

1<j<n
Consider the map:
m
aivj = Y aw;, 1<ji<n
i=1
so « is a map defined on (vy,...,v,,) = basis of V.

(“extend by linearity”)
—> « linear map, which by definition:

[als.c = (aij) 1<i<m = A
1<5<n

o 0 injective: [algec =0 = a =0

18




Remark. B basis of V'

C basis of V'
eg:V—>F" e :W—>F™
v [v]g w — [w]e
€n €c
[a]B.c
F’I’L(—i;‘m

then the following diagram commutes:

Claim (linear map between subspaces induces quotient map). Y <V, a(Y) = Z < W. « induces:

a: V)Y -W/Z
v+Y = alv)+ 272

Proof. e Well-defined: v1 +Y — vy +Y
= vy — 1 €Y

Oé(’Ul — 1)2) cZ
= a(n)+Z=av)+Z2

e @ linear obvious (« linear)

1.6 Change of basis and equivalent matrices.

e a: VW

B basis of V, C basis of W

[a(v)lc = [a]sc[v]s

[alc = (a(v1)] ... |a(vy)) wrt basis C
ULvaw

A, B,C basis U, V,W

= [aoflac=[alsclflas

1.6.1 Change basis

1% = w
B={v,...,un} C={wy...,wn}
B ={v...,v} C'={wy...,wl,}

Aim: Find equation to relate [a]g.c, [a]p ¢/
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Definition. The change of basis matrix from B’ to B is P = (p;;) 1<i<n is given by:
1<5<n

P = ([v}]5|[v3)s] . . |[vh]s)
(= [ldlp 5)

Lemma 1.26 (writing vector in different basis).

[v]s = Plvls
Proof.
e [a(v)]c = [a]sclv]s
o P = [Id]B,B’

[1d(v)]s = [Id]s,5[v]s
using (B=C,B' = B)
= [v]p = Plv]pO

Remark. P is an n x n invertible matrix, and: P~ = change of basis matrix from B to B'.

Indeed: [ao Blac = [a]BclBlan
1

[Id]B,B’ [Id]B’,B = [Id]BI7BI = In =

[Id]B’7B[Id]B,B’ = [Id]B7B - In —

— [Id]B,BrP = P[Id]B’B/ = In O

e We changed B to B in V.
e We can also change basis C to C' in W

(a: V—=>W)
14 w
B, B c,cC
P =[ld]s 5 P =[ldlerc
a: VW

How do [a]p,c and [a]p ¢ relate
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Prop 1.27 (Writing linear map in different basis). A = [a]pc, A’ = ap/ ¢ and
P =[lds 5, Q= [ldlcc
— A =Q 'AP

Proof. Have:

[a(v)]le = [a]s.c[v]B
[aoBlac = lalsclBlas
[vlg = Pv]s

So:

[a(v)le = lelsc[v]s
= AP[vlp

= Yv eV, QA v]g = AP|B’
= QA' = AP
— A =QAPO

Definition (Equivalent matrices). Two matrices A, A" € M,, ,(F) are equivalent if:
A =Q AP

Where Q € M., «,, invertible
P € M, «, invertible

Remark. This defines an equivalence relation on M,, ,,(F).
o A= [;LlAIn
o A=Q AP — A= (Q H)lA'P!
o A'=Q AP and A" = (Q") AP = A" =(QQ")"LA(PP)
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Prop 1.28 (Can choose bases such that corresponding matrix diagonal). Let V, W vector spaces over
F and dimgp V =n, dimp W =m
Let a: V — W linear map. Then there exists B basis of V' and C basis of W, s.t.:

" -
[]s.c = ! 0
L 0_
Proof. Choose B and C wisely.
Fix r € Ns.t. dimkera=n—1r
N(a) =ker(a) ={z €V :alzx) =0}
Fix a basis of N(«) : vpp1,-..,0n
Extend it to a basis of V =B
B= (Ulv"'vava+17"'avn)
Claim. (a(vy),...,a(v,)) basis of Im «
Proof. e Span: v =Y \v;
i=1
- Ol(’l)) = Z )\iOé(’Ui) = Z )\iOé(’Ui)
i=1 i=1
Let y € Im (), then: v €V : av) =y
= y=a) =Y \a(v;) € span {a(v1),...,a(v,)}
i=1
o Free:
T
Z /\ia(vi) =0
i=1
— (Z )\Z"UZ‘> =0
i=1
— Z Aiv; € ker v = span {vp41,...,0,}
i=1
T n
= Z Aivi = Zuwi
=1 r+1
- Z)\ﬂ)i = Z/J,i’l}i =0
= r+1
= A\ =pu; =0 = free
We have proved that (a(vy),...,a(v,)) basis of Im « basis of Im « and v,41, ..., v, basis of
ker a
B = (017"'7UT7UT+17'”7’UW,)
C=(a(v1),...,0(vp), Wys1,...,wy,) basis of W
[algc = (a(v1)] ... |a(vr)|a(vrs1)] .- . |a(vy)) wrt C is the desired matrix.
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Remark. This provides another proof of the rank nullity Theorem:

r(a) + N(a) =

1,
Corollary 1.29 (Equivalence is determined by rank). Any m X n matrix is equivalent to: [ OT 8 ]

where r = r(a)

Definition. A € M, ,,(F)

e The column rank of A, r(A), is the dimension of the subspace of F™ spanned by the column
vectors of A
A= (c1]...|en), ci € F™
r(A) = dimp span {c1,...,¢n}
Similarly, the row rank of A is the column rank of AT

Remark. If « is a linear map represented by A with respect to some basis, then:

(column rank = rank)

Prop 1.30 (Equivalence is determined by rank). Two matrices are equivalent iff r(A) = r(A4’)

Proof. (= ) If A, A’ equivalent, they correspond to the same endomorphism « expressed
in two different basis:

r(4) = r(a) =r(4)
(<= )r(4) =r(A") =r, then A and A’ are both equivalent to:
I, |0
o]
an

= A and A’ are equivalent.
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Theorem 1.31 (Column rank = row rank). 7(A4) = r(A7T)

Proof. r =r(A)

Take the transpose:

(@ 'AP)T = PTAT(Q™)"1
_ PTAT(QT)—l
_ Llo1"
— PTAT(QT) 1_ [ q T
[rL]o
a 0 T nxm

1.7 Elementary Operations and Elementary Matrices

Definition. A linear map o : V — V is called an endomorphism

Equation. With P as the change of basis matrix from B’ to B

[a]s g = P~ '[o]g 8P

Definition. For A, A’ (n x n) square matrices. We say that A and A’ are similar (conjugate) iff
A =P'AP

for P (n x n) invertible

Definition. An elementary column operation on a m X n matrix A is one of the following
(i) swap column ¢ and j for ¢ # j
(ii) replace column i by Ax (column %), (A #0,\ € F)
(iii) add Ax (column 7) to column j for i # j
and elementary row operations are defined analagously. We note that these operations are invertible
and these operations can be relaligned through the action of elementary matrices:
(i) trivial to consider (swap rows in identity matrix). Let T;; be the matrix that swaps row ¢ and
row j
(i) ng » is the identity with ith row replaced by A
(ili) Cjjn = Id+ AE;; where E;; just has 1 on the ith row and jth column

Remark. Link between elementary operations and elementary matrices: an elementary column (resp.
row) operation can be performed by multiplying A by the corresponding elementary matrix from the
right (resp. left)
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Example.

FIZRE

Note. This gives a constructive proof that any m x n matrix is equivalent to

Nn

Method. (i) Start with A. If all entries are zero, done
(i) Pick a;; = A #0:
e swap rows ¢ and 1
e swap columns j and 1
(iii) Multiply column 1 by 1/A(A # 0)
(iv) Now clear out row 1 and column 1 using elmenetary operations of type (iii)
(v) continue with remaining (n — 1) X (n — 1) matrix until we end the process

Q 'AP=E]...E|AE, ... E}

rows on left, columns on right

Remark. Variations
(i) Gauss’ pivot algorithm. If you use only row operations, you can reach the so called “row-echelon’
form of the matrix by the following
e Assume that aj; # 0 for some %
e Swap rows 7 and 1
e Divide first row by A = a;; to get 1 in (1,1)
e Use 1 to clean the rest of the 1st column and similar for 2nd column etc.

9

Note. This is exactly how we solve systems of linear equations

(ii) Representation of square invertible matrices

Lemma 1.32 (Only need to operate by rows/columns to get I,, if invertible). If A is a
(n x n) square invertible matrix, then we can obtain I,, using row elementary operations
only (resp. column operations only)

Proof. We do the proof for column operations. We argue by induction on the number
of rows. Suppose we can reach a form with [ in the top left, zeros to the left and ’stuff’
below. We want to obtain the form with k£ + 1 instead.

Easy to prove 35 > k s.t. ar41,; = A > 0 by considering spans. Then, we can swap
column k 4 1 and j then divide £ 4+ 1 by A = axy1; # 0 and, as expected, use this to
clear the rest of the k + 1th row using type (iii) elementary operations

Our outcome is:
AE,...Exn =1

— A '=F,...Eyx
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Prop 1.33 (Can decompose invertible matrix into elementary matrices). Any invertible square matrix
is a product of elementary matrices

Proof. Proved above.
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2 Dual Spaces and Dual Maps

Definition. Let V be a vector space over F. We say V* is the dual of V' which is

V*=L(V,F)={a:V — F linear}

Notation. We say « : V — F linear is a linear form

Examples. (i)
Tr : Ny, — F,

A= (aij) — Zaii
1=1
Tr € N, ,
f:[0,1] - R

z = f(x)
Ty :C([0,1],R) = R

e / f(@)g(x) de

Ty = linear form on C*°([0,1],R)

So you can construct f knowing 7'
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Lemma 2.1 (We have a basis for B* by the ‘row vectors’). Let V be a vector space over F with a
finite basis
B = {61,...,€n}

Then there exists a basis for V* given by

B* :{61,...,€n}

where "
8]‘(2041‘6,') = ay, 1 S ] S n
i=1
B* = dual basis of B
Proof. o (e1,...,&y) free family

En:)\jifj =0
j=1

(Z )\jé‘j)(ﬁi) =0= Z)\]Sﬂ = /\1‘, foralll < 7 <n
j=1 k=1

e Span: « € V*, z €V
a(@) = a(Y_ Nej) =D Nale))
=1 =1

On the other hand,

Then B
(Zn; a(e;)e;)(x) = Zn; a(e;) kznzl Arej(er)
- Zn;a(ej)xj = ()
We have shown :
a =3 ales)e

Notation. Kronecker symbol:

1 ifi=j
Sy = :
0 otherwise

With this notation, we have:

n

sj(Zaiei) = a; E——= €j(61‘) = Sl

=1
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Corollary 2.2 (Dual same dimension). V finite dimensional

— dimV* =dimV

Remark. It is sometimes convenient to think of V* as the space of row vectors of length m over F.
(e1,...,en) basisof V, =" ze; € V.
(e1,...,en) dual basis of V*, o= Y1 | w6, € V*.

a(r) = (Z a;g;)(7)
= Z aigi()
=Y aiEi)_zes)
i=1 j=1
= Z(Jéil‘ié‘i(e]‘) = Zaﬂ?z

Definition. If U C V (subset only) the annihilator of U is:

U ={acV*:VucUa(u) =0}
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Lemma 2.3 (Annihilator is a subspace and finding its dimension). (i) U® < V* (vector sub-
space)
(ii) If U <V (vector subspace) and dim V' < 400 then

dimV = dim U + dim U°

Proof. (i) 0 € U° and if a, o’ € U° then
Vu € U, (a+ o) (u) = a(u) + /(i) =0
= a+a €U’
Yu € U VA € F, (Aa)(u) = Aa(u) =0
— daclU’ = U<V~

(ii) Let U < V, dimV = n Let (e1,...,e;) be a basis of U and complete it to a basis
(€1, €kyCki1y---,€n) Of V.

B
Let (e1,...,&,) = B* be the dual basis of B.

Claim.
UOZ <€k+17~--7€n>
Ifi >k, Ei(ek) = S;1r = 0, then
&y E UO
— <€k+17~-~75n> c Uy

Conversely, let o € U°. Then
o = Z OGE4
i=1
(B* basis of V*). For i < k
ale;)) =0 = afe;) = Zajsj(ej) =y
j=1
— V1I<i<k, a; =0

n
— o= E (e
k=1

SO & € (Ejt1,y---,En)
=> UO c <5k+1a"'55n>
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Definition. Let V, W be vector spaces over F' and let a € L(V,W). Then the map
o WV
e eoq

is an element of L(W™*,V*). It is called the dual map of «

Proof. £(a) : V — F linear by linearity of ¢, so eoax € V*.
«* is linear as for 61,0, € W*, then:

a*(01 +02) = (01 +62)(a) =01 0a+00a=0a"(0;)+ a*(61)

and similarly, VA € F:
a*(A\0) = Aa*(0)

thus
o e LW*, V™)

Prop 2.4 (Writing dual map in dual basis). Let V, W be finite dimensional vector spaces over F
with basis repsectively B,C. Let B*,C* be the dual basis of V*, W*. Then

[a]ex B+ = [alg ¢

Proof. It follows from the very definition

2.1 Properties of the Dual Map, Double Dual (Bidual)

Lemma 2.5 (Change of basis matrix for dual). Change of basis matrix from F* = (n1,...,7,) to
E* = (e1,...,en) is (P™1)T where
P =[ld]re

E=(e1,...,en) and F = (f1,..., fn) bases of V

Proof.
]z e- = M7 ¢ = (P7H)T
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Lemma 2.6 (Nullity of dual is annihilator of image, image of dual is subspace of nullity of orginal
map). Let V;W be vector spaces over F. Let a € L(V,W). Let o* € L(W*,V*) be the dual map.
Then
(i)
N(a*) = (Im )°
So o injective <= « surjective
(i)
Im o* < (N(a))°
with equality iff V' and W are finite dimensional.
(hence in this case, a* surjective <= « injective)

Proof. (i) Let ¢ € W*. Then
eeN(@") < a"(e)=0
<= a'(e)=coa=0
= Vz e V,e(a(z)) =0
«— € (Ima)’

(i) Let us first show that:
Im o* < (N(a))®

Indeed, let € € Im a*, then
= e=a"(p), pe W*

= VYu € N(a)

— poa(u)
= ¢(a(u)) =
= e€ (N(a))°
= Im o* < (N(a))°

In finite dimension, we can compare the dimension of these two spaces:

dimIm o* = r(a”) = r([a*]cx +) = T([a]g,c) =r([a]s.c)

dimIm o* = r(a*)
=dimV — dim N(«)
=~ [(N(@))°]
— Ima* < (N(a))°
dimIm o* = dim(N(«))°

= Im o* = (N(a))°
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Note. In many applications, it is often simpler to understand a* than «

2.1.1 Double Dual

Definition. Let V be a vector space over F
V* = L(V,F) dual of V
We define the bidual (double dual)

V** — L(V*7F) — (V*)*

Remark. This is a very important object. In general, there is no obvious relation between V' and
V*. However, there are two fundamental facts:
(i) there is a CANONICAL embedding from V to V**

\Van

injection

Indeed, pick v € V and let
v: V¥ > F

e e(v)

Claim. 0 € V**.

e €V* e(v) € F and
17()\151 + )\262) = )\181(’0) aF )\282(7}) = )\1@(51) + )\2’17(52)

(ii) there are examples of infinite dimensional spaces where V =~ V** (reflexive spaces, L (R?))

LP@®Y) = {f: R% - R,/ |f ()P dz < +o0
Rd
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Theorem 2.7 (Isomorphism between V and V**). If V is finite dimensional, then
V=V
UNE )

is an isomorphism

Proof. "linear: trivial
“injective: Indeed, let e € V\{0}. By extending e to a basis of V'

(e,e9,...,ep) basis of V'

Let (g,€9,...,€,) be the dual basis of V*, then:

= é# {0}
= () = {0}," injective

“isomorphism: compute dimensions (trivial)

Moral. “: V — V** isomorphism. This allows us to “identify” V and V**

Lemma 2.8 (Annihilator of annihilator can be viewed as U). Let V be a finite dimensional vector
space over F', and U < V. Then U = U%, so after identification of V and V**, U = U

Proof. Let us show that U < U%. Indeed, let u € U then
Ve e U% e(u) =0
= Ve e U%e(u) =a(e) =0
— a=U"%
— U <U®

We compute dimensions R
dimU = dimU = dim U

— ="

Remark. Thanks to identification of V** and V, we can define T' < V'*

T'={veV:0(v)=0v0 € T}
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Lemma 2.9 (Annihilator of sums and intersections). Let V be a finite dimensional vector space over
F. Let Uy,Uy <V, then

(i)

U +0)° =02n0Y
(if)

(UL1NUR)° =U° +UY

Proof. trivial

Definition. Let U,V be vector spaces over F. Then ¢ : U x V — F'is a bilinear form if it is linear
in both components
o(u,-), VaFeV* (Vuel)

o(,v), U—=FeU* (MveV)

Example. (i)
VxV*=F

(v,0) — 6(v)

(ii) Canonical model: scalar product on U =V = R”
¥R x R” - R

Z1 Y1 n

Tp Yn

(i) U =V =C([0,1],R)

infinite dimensional product (L?)

Definition. B = (ey,...,e,,) basis of U
C=(f1,.--,fm) basis of V

@ :U x V — F bilinear form

The matrix of ¢ wrt B and C is

[els,c = (ples, fi))1<icm1<j<n
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Lemma 2.10 (Computing bilinear form).

o(u,v) = [ulgle]s.clv]e

Proof.

m
u = Z /\iei
i=1
vi= ) pifs
j=1

then by linearity

o(u,v) = o) Niei, > pifi)
=i =il

Remark. [¢]pc is the only matrix such that

o(u,v) = [uljlels.clvle

Notation. ¢ : U x V — F bilinear form, then ¢ induces two linear maps:
oL U=V pr(u):V—>F
v = o(u,v)
op:V =2 U or(w):U— F
u— o(u,v)

In particular, by the very definition
Y(u,v) €U xV

oL (u)(v) = ¢(u,v) = pr(v)(u)
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Lemma 2.11 (Writing left and right maps in terms of bases). B = (eq,...,en) basis of U
B* = (e1,...,&m) dual basis

C=(f1,.-,fm) basis of V

C* = (m,...,nm) dual basis

Let A = [¢]p,c, then

lerle,s = 4, lerlge = AT

Proof.
pr(e:)(f;) = plei ) = Ayj
= ore) =Y Ayn;
or(f;)(e:) = (e, fj) = Ayj
=$¢Mm=2}%@
Definition.

ker o5, = left kernel of ¢
ker pp = right kernel of ¢

Definition. We say that ¢ is non-degenerate if
ker or, = {0} and ker pr = {0}

Otherwise, we say that ¢ is degenerate

Lemma 2.12 (non degenerate iff invertible). B basis of U and C basis of V' (U, V finite dimensional)

¢ :U x V — F bilinear form

A=lglse
Then ¢ non degenerate <= A is invertible

Proof. ¢ non degenerate iff both kernels {0} iff
n(AT) =0 and n(A) =0
— r(AT) =dimU and r(A) = dim V

<= A invertible
and this forces dimU = dim V'

Corollary 2.13 (non-degenerate forces same dimension). If ¢ is non degenerate then

dimU =dimV
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Remark. Cannonical example of non degenerate bilinear form

R" x R" - R

n
=1

Corollary 2.14 (choosing non degenerate bilinear form same as choosing isomorphism). When U
and V are finite dimensional with the same dimension, then choosing a non degenerate bilinear form
@ : U x U — F is equivalent to choosing an isomorphism ¢y : U — V*

Definition. (i) T C U, we define
Tt ={veV:p(tv)=0VteT}

(i) ScV
LS ={ueU: p(us)=0Vs €S}

“orthogonal” of respectively T" and S

Prop 2.15 (Change of basis formula for bilinear forms). B, B’ basis of U, P = [Id|g' 5
C,C' basis of V, Q = [Id]¢r ¢
¢ :U x V — F bilinear form

then:
[elscr = PTp]B,cQ

Proof.

= (Pluls) " [¢]B,c(Qv]er)
5 (P9l cQ) vl
& lels e vle

Definition. The rank of ¢ (r(p)) is the rank of any matrix representing ¢

Remark.
r(p) =r(pr) =r(pL)
where we used r(A) = r(AT)
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3 Determinant and Traces

3.1 Trace

Definition. Let A = M,,(F) (square matrix of size n). We definethe trace of A as

i=1

Remark. M, (F) — F, A tr A is a linear form

Lemma 3.1 (Can cycle around when working out trace).

Tr(AB) = Te(BA),VA, B € M, (F)

Proof.

Zn:ab

J=1

.
Il
-

- pnqz
MS/—\

bjiaij
i=1
BA)

I

BN
2
~— Ll

Corollary 3.2. Similar matrices have the same trace

Proof. trivial

Definition. If o : V — V linear, we can define Tr(«) = Tr([e]|g) in any basis B

Lemma 3.3 (Trace of map same as trace of dual). «:V — V linear. a* : V* — V* dual map. Then

Tr o = Tr o*

Proof. Trivial by choosing a basis then trace of transpose same.
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3.2 Determinants

3.2.1 Permutations and Transpositions

Definition. S,, = group of permutations of {1,2,...,n},
o:{L,...,n} = {1,...,n} bijection

o is a permutation

Definition. &k # [, 7€ S,, exchanges k and [, other elements are unchanged

Remark. Recall any permutation ¢ can be decomposed as a product of transpositions
e
g = H Ti
i=1

7; transposition

Definition. The signature of a permutation
e: S, = {-1,1}
1 if n, even
o~ .
0 if n, odd

€ is a homomorphism:
g(coa’) =¢e(o)e(a’)

Definition (Leibniz Formula). For
A€ Mp(F), A= (aij)i<i<n,1<j<n

we define the determinant of A:

det A = Z E(O’)ag(l)lag(g)g o Qo(n)n
gESy

has n! summands and one term for each column and each row

Lemma 3.4 (Upper triangular has determinant zero). If A = (a;;) is an upper (lower) trianglar
matrix:
a;j =0 fori>j (resp i < j)

then det A =0

Proof. Some term in the summand is zero (need o(j) < j)
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Lemma 3.5 (Determinant of transpose is the same).

det A = det AT
Proof. Same proof as in Vectors and Matrices, change sum by summing o~ instead

Definition. A volume form d on F" is a function

F"x .- - x F" - F

—_———

n
such that
(i) d multilinear: for any 1 < i < n, V(v1,...,0i-1,Vi41,...,0p) € F" X «-« X F"

Fn—)F,Ul—>d(’Ul,...,Ui_l,Ui,U¢+1,...,1)n)

is linear (€ (F™)*). Le. d linear with respet to any entry
(ii) d alternate: if vy = v; for some ¢ # j, then

d(vi,...,v) =0

We want to show that (up ot multiplication by a scalar), there is only one volume form on F" X - -

and it is given by the determinant.

X F™

Lemma 3.6 (Mapping columns to determinant is volume form). Let

Then
(AW AM)Y s det A

is a volume form

Proof. (i) True as product only contains one term in each column
(if) Consider 7 which exchanges k and [ for k # I. Then a;; = a;-; and since

S, =A,UTA,

with o € TA,,

we can compute det A using the disjoin decomponsition and see that o € A,, cancels
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Lemma 3.7 (Volume forms change sign on swapping two entries). Let d be a volume form. Then
swapping two entries changes the sign:

d(1,. .3 Viy ey Uy Un) = —d(U1, .00y gy ey Uiy e ooy Up)

Proof. Indeed
d(vi, ..., v +v5,...,0% +vj,...,0,) =0

Then we apply linearity

Corollary 3.8 (Calculating volume form of permutation of columns). o € S,,, d volume form

d(Va(1)s -+ 1 Vo(n)) = €(0)d(V1,. .., Np)

Proof.
Ne
g = H T
i=1

where 7; are transpositions

Theorem 3.9 (Computing volume form on columns of a matrix). Let d be a volume form on F”.
Let A=[AM | ... | A™]. Then

d(AD . AM)Y = (det A)d(eq, ..., en)
det A is the only volume form such that

dley,...,en) =1

Proof. Write out coordinates and keep applying linearity and recognise d is alternate so
require all the i; to be different so rewrite as a permutation and use above corollary

Corollary 3.10 (Significance of det). det is the unique volume form such that d(es,...,e,) =1
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3.3 Some Properties of Determinants

Lemma 3.11 (Det is multiplicative). Let A, B € M,,(F). Then

det(AB) = (det A)(det B)

Proof.
da:F"x---x F*"— F

(V1,...,0,) — det(Avy, ..., Avy)

d 4 is multilinear (v; — Av; is linear) as det multilinear.
d 4 is alternate: (trivial check)
Thus d 4 is a volume form so IC4 s.t.

da(vgy ... ,vn) = Cadet(vy,...,vp)

And letting v; = e; gives us C'4 = det A.
Then consider da (B, ..., Bp).

Definition. A € M, (F), we say that:
(i) A is singular if det A =0
(ii) A is non singular if det A # 0

Lemma 3.12 (Invertible implies non-singular). A is invertible = A is non singular

Proof. A invertible = A~ € M,,(F) s.t.
AAT =ATTA=1T,

—> det(AA™") = (det A)[det(4) ]
= det A#0

Remark. We have proved that A ivertible — det A # 0 and

_ 1
" detA

det(A™")




Theorem 3.13 (Invertible <= non-singular <= r(A) =n). Let A € M,,(F). TFAE
(i) A is invertible
(ii) A is non singular

(iii) r(4) =n

Proof. (i) < (iii) done (rank-nullity Theorem)
(i) = (ii) is Lemma above. Need to show that (ii) = (iii). Assume r(A) < n. Let us
show that

det A=0

r(A) <n = dimtextSpan(Ay,..., A,) <n

= A, A) #(0,0,...,0) st > XA =0

i=1
Let’s say A; # 0, then:
1 Z

T i#j
— detA:det(Al,...,Aj,...,An)
=det| A —iZA-A- A
= 17...7 A] 275‘] 7 R ICICIRY n

1
:_rjzdet(Ala"'uAiV'"An)
i7£]
=0

Remark. Theorem gives the sharp critereon for invertibility of a set on n linear equations with n
unknowns:
Y e F" Ae M,(F)

AX =Y with X € F" has a unique solution X for every Y
< det A#0

Lemma 3.14 (Determinant property of the linear map). Conjugate matrices have the same deter-
minant
(1113l

Proof. trivial

Definition. o : V — V linear. We define
det o = det[ag]

where B is any basis of V. This number does not depend on the choice of the basis.
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Theorem 3.15 (Reformulation of previous facts in terms of linear maps).

det: L(V,V) = F

satisfies:
(i)
det Id=1
(i)
det(af) = (det a)(det B)
(i)

deta # 0 <= « is invertible

and in this case: :

- det

det (a_l)

[ Proof. reformulation of above ]

Lemma 3.16 (Determinant of matrices with corner block of 0s). A € My(F), B = M;(F), C €
Mk,l(F). Let

N= {6‘ g} € M (F)

for n = k + 1, then det N = (det A)(det B)

Proof. I need to compute
n

det N = Z E(O’)Hag(i)i *)

g€ES, i=1
Observe m,(;y; = 0 if i <k, (i) > k. Thus, in (*), we need only sum over o € S, such that
(i)
Vi € [1,k],0(5) € [L, ]

(1,k] =A{1,...,k})

(i)
Vilk +1,n],0(j) € [k + 1,n]

(iii) In other words, in (*), we can consider ¢ decomposed into oy permuting {1,...,k} and

o9 permuting {k +1,...,n}

k n
det N = Z e(o1)e(o2) H o ()5 H bo(kyk = (det A)(det B)
01E€Sk,02€S8] i=1 1=k+1
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Corollary 3.17 (determinant of diagonal blocks with Os below). Aj,..., Ay are square matricies,
then:
Ay
Az
det ; = (det Ay) ... (det An)

An

Proof. Induct on number of blocks

Remark. (i) Reasoning behind name 'volume form’
R® x R® x R®* - R

(a,b,c) — (axb)-c

where
aq b1 a263 — a3b2
axb= as| X b2 = a3b1 — a1b3
as b3 a1b2 — agbl

Considering a parallelopiped with edges vectors a, b, ¢, we see

d(a,b,c) = signed volume of parallelopiped

det(a,b,c) = (a x b) - ¢

3.4 Adjugate Matrix

Equation. For A € My(F), A= (AM|...|A™). We have that swapping two columns in determi-
nant swaps the sign. Since det A = det AT, we similarly see that swapping two rows chances the sign
of the determinant

Remark. We could prove all properties of determinants using the decomposition of A into elementary
matrices.

3.5 Column (row) Expansion and the Adjugate Matrix

Column expansion aims to reduce the computation of nxn determinants to (n—1)xn—1) determinants
to reduce dimension
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Definition. For A € M, (F'), pick i,j € {1,...,n}. We define
A,ij € Mn_l(F)

obtained by removing the i-th row and the j-th column from A.

Example.

S

Il

DN =
DD =N
- O

1
.
N

I
—
N —
o |

N
(I
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Lemma 3.18 (Expansion of the Determinant). Let A € M, (F)
(i) Expansion with respect to the j-th column: pick 1 < j < n, then:

n
det A = Z(—I)”jaij det A{]
i=1
(ii) Expansion with respect to the i-th row: pick 1 <14 < n, then

ij

det A = Z(—l)iﬂaij det A~
j=1

Proof. Expansion with respect to the j-th column (row expansion formula then follows by
taking transpose). We have result as a direct consequence of the volume form property: pick
1<j<n

A(J) — Zaijej, (ei)lgiSH
=1

Canonical basis

det A = det <A(1), e Zaijej, - ,A(")>
i=1

= zn:aij det(A<1>| el ... ,A(”))

o=l
det(A(1)| el ... ,A(”)) = (—1)j’1det(ei|A(2)| - |A(”))

1 a;1 ;2 N 77

= (1) (=1)i"" det "

ij
_ i+j .
= (—1)""7 det A
We have proved
det A = Z(*l)wrjaij det AZ}
i=1

Remark. We have proved that

det (A<1>, L AUD o AGHD ,A<">) — (=1)i* det (A{j)
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Definition (Adjugate matrix). Let A € M, (F). The adjugate matrix adj(A) is the n x n matrix
with (4, j) entry given by:

(—1)""7 det (Aﬁ)

det(A(l),...,A(j_l),ei,AU“),...,A(”)) = (adj(A));;

Theorem 3.19 (Adjugate key property). Let A € M, (F), then

det A 0
adj(A)A = (det A)I; = 0 .
0 det A

In particular, when A is invertible:

_ 1
A7 = atdit)

Proof. We just proved:

n

det A= 3" (~1)"*9 det Agay; = 3 (adj(A)jias; = (adj(4)A);;
i=1

i=1

For j # k, we have

0= det(A(l),...,A(k)7...,A(k),...,A(”))

= det(A(l),...,Zaikei,...,A(k),...,A(")>
i=1

= Z(adj(A))jiaik

= (adj(A)A) ;i
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3.6 Cramer Rule

Prop 3.20 (Solving linear equations). Let A € M, (f) invertible and let b € F™. Then the unique

solution to Az = b is given by
1

=——d
det A
where A, is the matrix obtained by replacing the ith column of A by b

Z; et(4;), 1<i<n

Proof. A invertible implies 3!z € F™ : Az = b. Let x be this solution, then:
det(A;,) = det (A<1>, L AGED poAGHD ,A(”))
— det (A<1>, L AGTD A AGHD ,A(”))

- xidet(A(l),...,A(i),...,A(")>
=g;det A
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4 Eigenvectors, Eigenvalues and Trigonal Matrices

Moral. This is the first step twoards diagonalisation of endomorphisms

Let V be a vector space over F with dim V' =n < 4+00. Let @ : V' — V be a linear map (endomorphism
of V). Can we find a basis B of V such that in this basis,

[als = aBn

has a “nice” form?

Equation. Reminder: If B’ is another basis and P is the change of basis matrix,

[04]3/ = P_l[a]BP

Definition. (i) o € L(V) (a: V — V linear) is diagonalisable if 35 basis of V' such that

A
[a]s = (diagonal)
An
(ii) « is triangulable if 3B basis of V such that [z is triangulat.

)\1 * *
[a]s = L %
An

Remark. This can be expressed equivalently in terms of conjugation of matrices

Definition. (i) A € F is an eigenvalue of a € L(V) iff:
Jv € V\{0} : a(v) = Ao
(ii) v € V is an eigenvector of « iff
v#0and :3IXNE F:a(w) =N

(i)
W={veV:alw)= <V

is the eigenspace associated to A
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Lemma 4.1 (Eigenvalue in terms of determinant). @ € L(v),\ € F. X an eigenvalue <
det(a— A 1d) =0

Proof.

A eigenvalue <= Jv € V\{0}: a(v) = M

<— FveV\{0}: (a—AId)(v) =0
<= ker(a— A 1d) # {0}

<= « — X Id nor injective

<= « — X Id not surjective

<= «a — A Id not invertible

—

det(a — A Id) =0

Remark. If a(v;) = \v;j, v; eigenvector, v; # 0. I can complete (v1,...,v;,...,v,) = B basis of V'

4.1 Elementary Facts About Polynomials

For F a field,
e For

f@)=ant"+---+ant+ag, a; € F

n is the largest exponent such that a, # 0, n = deg f

deg{f + g} < max{deg f,deg g}

deg fg =deg f +degyg

F[t] = {polynomials with coefficients in F'}
Aroot of f <= f(A) =0

Lemma 4.2 (root of polynomial gives factor). A root of f = (¢ — \) divides f

Proof.
f@) =ant"+ - +art+ao

fOA) =ap A"+ +a1A+ap=0

= f(t) = f(t) = F(N)
=an(t" = A")+- -+ a1t —A)

Remark. We say that ) is a root of multiplicity k if (t — A\)* divides f, but (¢ — \)**! does not.

) =(t—Nrg(t), gA) #0
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Corollary 4.3 (Bound on number of roots). A non-zero polynomial of degree n (> 0) has at most
n roots (counted with multiplicity)

Proof. Induction on the degree

Corollary 4.4 (Agreeing on too many points implies equivalent). For fi, fa polynomials of degree
<mns.t.
fe(t:) = fa(ts), (ti)1<i<n n distinct values

we have f1 = f5

Proof. f; — f3 has degree < n and n distinct roots so f; — fo =0

Theorem 4.5 (FTA). Any f € CJ[t] of positive degree has a (complex) root, hence exacty deg f roots
when counted with multiplicity

Note. f e Clt] =c[]_,(t — X)), ceC,\; €C, a; € NT

Definition. For o € L(v), the characteristic polynomial of « is

Xa(A) = det(a — A Id)

Remark. The fact that y, is a polynomial in A follows from the very definition of the determinant

Remark. Conjugate matrices have the same characteristic polynomial: (trivial to show)
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Theorem 4.6 (Triangulable same as being able to write char poly as linear factors). a € L(V) is
triangulable <= x,(t) can be written as a product of linear factors over F':

n

xalt) = [t~ X)

=1
If F = C, every matrix is triangulable
Proof. = : suppose « triangulable
ap — t 0 w
[a]s = =[](a -1
0 ay —t =1

<= : we argue by induction on n = dim V:
e n =1 trivial
e n > 1 by assumption, let x(t) have a root A\. Then:

Xa(A) =0 < X eigenvalue of o

Let U = V), = eigenspace associated to A. Let (vq,...,vx) be a basis of U. We complete
it to (Vg41,-..,vn) basis of V. Span(viy1,...,0,) =W, V=U®W. B=(v1,...,0,)

als = M0
=10 c
« induces an endomorphism: @ : V/U — V/U, C represents @ wrt (vg1+U, ..., v, +U).
By induction (since k > 1), we know that we can find a basis (Ugy1, ..., 0,) in which C

has a a triangular form 7.
o] 5 = Ald =«
U=l o T

— « has a triangular form

Lemma 4.7 (Char poly coefficients). If V is n dimensional over F' =R or C and « € L(V). Then:
Xo(t) = (=1)"t" + cpt" P+t et + o

with ¢,—1 = Tra and ¢y = det o

Proof.
Xa(t) = det(a — ¢ 1d)

Xa(0) = det a = ¢
F =R,C, we know that « is triangulable over C:

al—t

Xa(t) = = H(ai —t)

a, —t

which gives us the form as desired once we expand
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Diagonalisation Critereon and Minimal Polynomial

Notation. For p(t) polynomial over F' and p(t) = ant™ + -+ + a1t + ap, a; € F. For A € M, (F),
we define
p(A) =a, A" + -+ a1 A+ ag Id € M, (F)

a € L(V), (a: V — V linear)
p(a) = apa”™ + -+ a1+ ap Id € L(V)

o =Qo0---0
—_——

n
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Theorem 5.1 (Sharp Criterion of Diagonalisability). If V is a vector space over F with dimV =

n < 400, a € L(V), then « is diagonalisable <= 3 a polynomial p which is a product of
linear factors such p(a) =0

distinct

Proof. « diagonalisable <= 3(\1,..., ;) distinct such that

k

p(t) =[]t = ») = pla) =0

i=1
— : Suppose that « is diagonalisable, with (A1, ..., Ax) the k distinct eigenvalues. Let

k

p(t) =] -x)

=1

Let B be a basis of V formed of eigenvectors. Let v € B s.t. a(v) = A;v for some i. Then

k
(=X 1d)(v) =0 = p(a)(v) = [J (e = X Id)(v) =0
:\W—/

commute

= Y € B, [p(a)](v) =
= p(a) =0

<= Suppose p(a) = 0 for some p(t) = H 1(E—=X;) with A\; # \; for @ # j.
Let Vy, = ker(a — \; 1d). We claim:

By definition:

1 fori—i
g;(\i) = o Z j = Sij
0 fori#j

Let us define the polynomial
q(t) = qu(t) + - + a(?)
this has degree at most £ — 1. On the other hand: for 1 <i < k

gqN) =1 = q(t) =1Vt

= Vt,ql(t)-i-“--l—...qk(t):l

(**)
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Proof (continued). Let us consider (projection factor),
Il; = gj(a) € L(V)

for 1 < j < k. Then by construction, for (**)

k k
qu(t) =1 — Z%(a) = Id
k k
= Yo eV, ldv)=v= Zﬂj(v) = v= qu(a)(v)
Observe
1 k
(@ = A; Id)g;(@)(v) 00— %) (=2 Id)[i:g#(t = A)l(@)(v)
1

k
:mn(a—xi Id)(v)=0Yv eV

This means
(= A Id)gj(a)(v) =0 Vv eV
- (a — )‘j Id)HJ (U) =0
= II;(v) €ker(a—N\; Id) =V; Vo e V
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Proof (continued). We have proved Vv € V

k
v= Z_:lﬂj(v)
V=4V

It remains to show that the sum is direct: indeed for v € Vi, N (3, oy Vi,;), we need to show that
v = 0. Let us apply II; to v € V), N (32, ,; Vx,). For v € Vy:

k k
) =g = [] S0 = ] oy

(IT; is the projector onto Vy,). For v € Ei# Vi, = Z#j wi, w; € V.

B (a — \; Id)(w;)
10 (w;) = anzl,m7éj()\m—_)v-) -

— ) = YT w) = 0
i)
— Hj (’U) =0

But v =1I;(v) = v=0s0
k
+7];€:1V)\i = @ V)\i
i=1
We have proved
k
V=P
i=1

B = (By,...,B;) with B; basis of V), has B basis of V and so [a]z is diagonal

Remark. We have shown something more general: if Aq,...,a; are k distinct eigenvalues of «, then

the sum
k k
> =B,
i=1 i=1
The only way diagonalisation fails is if

k
Z i, <V
i=1

Example. Many applications of the diagonalisation critereon, F' = C, A € M,,(F') such: A has finite
order < dIm € M s.t.A™ = Id — A is diagonalisable

=

m—

t" —1=p(t)= [] ¢ &)

j=0

where &,, = e*™/™ has p(4) =0
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Theorem 5.2 (Simultaneous Diagonalisation). Let a, 8 € L(V) diagonalisable. Then «, 3 are si-
multaneously diagonalisable (i.e. there exists a basis in which a, 8 have a diagonal matrix) iff & and
[ commute

Proof. = : 3B s.t [a]g = D; and [B]p = Dy with D — 1, Dy diagonal, then
D1Dy; = Dy D1 — aff = fa
<= Suppose a, 8 diagonalisable
V=V,& &V,

A1,..., A\, are the k distinct eigenvalues of o

Claim.
B(Vi;) < W,

(V, is stable by 3)

Indeed: for v € V),
af(v) = Ba(v) = B(Av) = A;B(v) = a(B(v)) = A;B8(v)
= B(v) € Vy,
By assumption, [ is diagonalisable so Ip with distinct linear factors such that p(8) = 0. Now

,B(V)\j) <V, = B|ij € L(VAJ)

I can compute p(3 |VA]-) =0so ﬁ|VAj is diagonalisable. Now I take the B; basis of V), in which
Blv,, is diagonal

Reminder: Euclidean algorithm for polynomials: given a, b polynomials over F' with b # 0, there exist
polynomials ¢, r over F' with
degr < degb

a=qgb+r

Definition. For V vector space over F, a € L(V), dim(V) < 400, the minimal polynomial m,,
of « is the non-zero polynomial with smallest degree such that

ma(a) =0

Remark. For dimpV =n < 400 a € L(V), have dimp L(V) = n? hence {Id ,q,...,a" } cannot
be free
= J(ag,...,an) # (0,...,0)

s.t.

2

ap Id+ a1+ ---+ay2a”™ =0

p(a)

59




Lemma 5.3 (minimal polynomial indeed minimal). For o € L(V), p € F[t], we have p(a) =0 <~
me is a factor of p (m,, divides p). (in particular, m, is well defined)

Proof. degm, < degp by minimality so Euclidean algorithm gives p = mqyq+ 7 with degr <
degm,, so
p(a) =0 =ma(a)q(a) + ()
= r(a) =0
sor=0 = muq

In particular, if mq, ms are both minimal polynomials that kill «, then ms divides mq and
vice versa so mg = cmy, ¢ € F

Examples. V = F?
1 0 1 1
S R

p(t) = (t— 1) = p(A) =p(B) =0
minimal polynomial (of A or B) has to be either t — 1 or (t — 1)2. We can check mq =t — 1, mp =
(t —1)2. Thus A is diagonalisable but B is not diagonalisable

5.1 Cayley-Hamilton Theorem and Multiplicity of Eigenvectors

Theorem 5.4 (Cayley Hamilton). Let V' be a F vector space, dimp V < +o0. Let o € L(V) with
characteristic polynomial
Xo = det(a —t 1d)
then
Xa(a) =0

Proof. For F =C,B = {vy,...,v,} and n = dimp V

ay *
[a]s =
0 an,
Let U; = span{vi,...,v;}
X)a(t) = [J(e: - 1)

i=1
Xo(a) =(a—ay 1d) ... (e — ap—1 Id)(a — a,, Id)
forveV =0,
Xa(@)(v) = (a—a; Id)... (e — ap—1 Id) ( — ay, Id)(v)
€Un_1
= (a— a7 Id)(v)
=0
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Proof (alternative). For any field F. A € M, (F)

det(t Id — A) = (—=1)"x(t)
=t"+an1t" -+ ap

For any matrix B, we have proved
B adj(B) = (det B) Id
Applying (*) to B =1t Id — A. Let
adj(B) = By_1t""' + - + Bit + By
(*) gives us
(t1d — A)[Bp_1t" 4 -4+ Bit + By] = (t" + ap_1t" "' 4+ -+ art +ag)l
Equating coefficients of t*, we get:

Id=5B,_
an_1 1d= B, 2 — AB,

ap Id=—-AB,
Multiplying the top by A™, second by A"~ ! etc. and summing both sides yields

A"+an_1A”71—|—~-~—|—ao Id=0

(**)

Definition. For dimp V =n < +00, a € L(V) where A an eigenvalue of «, xo(t) = (£ — X\)*¢(¢) for
q € Ft],(t — A) 1 ¢ has ay is the algebraic multiplicity of A. We define g) = dimker(a — A Id) is

the geometric multiplicity of A (it is the dimension of the eigenspace associated to \)

Remark. A eigenvalue <= x,(\) =0

Lemma 5.5 (A.M > G.M.). X\ eigenvalue of (V) implies 1 < gy < ay

Proof.
gx = dimker(a — A Id)

o= [l 7]

for some A; and so

det(a —t Id) = (A —t)? det(A; —t Id) = gy < ax
—_————

polynomial

A eigenvalue = Jv #0: v € ker(aw— A Id). So gy = dimker(a— A Id) > 1. Let (vy, ..
be a basis of V) = ker(ow — A Id). Complete it to a basis B = (v1,. .., Vg, Ugy+1, - - - ; Upn) then
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Lemma 5.6 (Minimal multiplicity < algebraic multiplicity). Let A be an eigenvlaue of a. Let ¢y be
the multiplicity of A\ as a root of the minimal polynomial m,. Then 1 < ¢y < ay

Proof. Caycley-Hamilton:
Xa(a) =0 = mq | Xa

— c) < ay

cx > 1 as if X\ an eigenvalue then Jv # 0 : a(v) = Av and so aPv = A\Pv

Example.

my 1S either
o (t—1)2(t-2)
o (t—1)(t—2)
we have (ii) hods so A is diagonalisable

Lemma 5.7 (Characterization of diagonalisable endomorphisms for F' = C). Have F =C. V an F
vector space with dim F' < oo, o € L(V'). TFAE:
(i) « is diagonalisable
(if) VA eigenvalue of o, a) = gx
(iii) VA eigenvalue of a, ¢y =1

Proof. (i) < (iii): already done.
i) <= (ii): let (A1,...,Ax) be the distinct eigenvalues of ow. We showed: a diagonalisable

k

dimV:n:ZaAi

=1

k k
dm@P Vi, =) dimVy, =g,
p=ll i=1

and since V1 < i < k, gx, < ay,, we have equality iff V1 <i <k, g\, = ay,
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6 Jordan Normal Form

Remark. In this chapter, F' = C

Definition. Let A € M, (C), we say that A is in Jordan Normal Form (JNF) if it is a block
diagonal matrix:

Jn1 ()‘1)
‘]"2 ()‘2)
A =
Jnk ()‘k)
where k£ > 1 nad nq, ..., n; integers satisfying
k
Z n;,=mnmn
i=1
(need not be distinct). For m > 1, A € C, define J,,())
i) =[]
A1 0
Im(A) =
0 1
A
(Jm(A) is a Jordan Block)
Remark. for n =3
A 0
A=10 X 0
A

is in jordan normal form as we have J;(\) on diagonal

Theorem 6.1 (Can write in JNF in C). Every matrix A € M, (C) is similar to a matrix in JNF,
which is unique up to reordering of the Jordan block

Proof. Non examinable

Example. for n = 2, the possible JNF in this case

G B VR

Characterised by minimal polynomials
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Theorem 6.2 (Generalised eigenspace decomposition). For V' a C vector space, dim¢ V = n < 400,
a € L(V), and mqy(t) = (t — N ... (t — A2)* where ()\;) are the distinct eigenvalues of « then:

V=V,

=1

where
V; = ker[(ac — A; 1d)“]

Proof. The key is that projectors onto V; are “explicit”.
Indeed

k
ma(t) = H(t - A?)
j=1
We introduce
pi(t) = [J(t =2
i#]
Then the p; polynomials have no common factor, so by Euclid’s algorithm, we can find poly-

nomials q1, ..., qk
k
ZQipi =L
i=1

define the projectors

I = gjp;(a)
(i) by construction
k k
Zﬂj(v) = (Z q;p;)(@(v))
=1d (v)
k
= Yv eV, v:ZHj(v)

(i) IL;(v) € V; (trivial check) we have shown

V=> () =+,V;

=1

(ili) We need to show that the sum is direct. We have IL;II; = 0 if i # j

k
IL = I, 1) = I
j=1
I ifi =3
— Iy, ={ ¢ Ei=I
’ 0 ifi#j

This immediately implies the direct sum property (trivial)
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Remark. Vj is stable by a: o(V;) < V.
Let (a — Aj Id)|v; = u;. Then uj; is a nilpotent endomorphism i.e.:

cj _
u/ =0

thus the JNF decomposition is now a statement about nilpotent matrices

Notation. V; = ker[(a — A; Id)] = generalized eigenspace associated to A;

Remark. When « is diagonalisable, c; = 1 and hence theorem holds

Remark. We can compute on the JNF the quantities ay, gx, Cx-
e Indeed, let m > 2, Considering (J,, — A 1d)?, we get

_ k|0 In—g
ety =[§ ]

for k < m and 0 for k = m. Thus (J,, — A Id) is nilpotent of order exactly m.
e ) = sum of sizes of blocks with eigenvalue A
e ¢, = number of blocks with eigenvlaue \
e ¢, = size of the largest block with eigenvalue A

Example.

To find a basis where A is JNF:
(i) ,
xa(t) = (t—a)

so have one eigneigenvalue A = 1 so our JNF is
1 1
10

ker(A— 1d) = (v1), w1 — { 1]

(ii) Eigenvectors:

-1

Look for vy s.t.
(A — Id)’U2 = V1

and vy = {_
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7 Bilinear Forms

Have ¢ : V x V — F a bilinear form in this section, n = dimp V' < oo, B basis of V, B = (ey,...,en).
[els = [¢]B.8 = (¥(ei, €j))1<i,i<n

Lemma 7.1 (Change of basis for bilinear forms). For ¢ : V x V — F a bilinear form with B, 5’
bases for V and with P = [ Id]s, 5. We have

[pls: = PT[p]gP

Proof. Special case of general formula

Definition. We say A, B € M, (F) are congruent if 3P € M, (F) invertible s.t.:

A=PTBpPT

Remark. This defines an equivalence relation

Definition. A bilinear form ¢ on V is symmetric if:

w(u,v) = p(v,u), Yu,v € V

Remark. For A € M, (F), we say that A is symmetric if AT if
AT =4

or equivalently
A = (aij)1<ijsn, i = i

¢ is symmetric <= [p]g is symmetric in any basis B. To be able to represent ¢ by a diagonal
matrix in some basis B, it is necessary that ¢ is symmetric:

PTAP=D — DT =pPTATP

which implies AT = A, so ¢ is symmetric

Definition. A map @ : V — F is a quadratic form if: there exists a bilinear form ¢ : V xV — F
such that
VueV, Qu)=¢(uu)
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Remark. With B and A defined as above, let u = >""" | A\;e;, then
Q(u) = p(u,u)

n n
= oD mies, ) z5¢;)
i=1 =1

n
Z ziz;p(ei, €;)
J=1

%

M=

A5 LT 5

A 1

&,
S

=a" Ax

where z = [u|g and A = [p]5

Note.

n
2T Ax = g Qi T T

tog=1

— Zi,j —1» (—a“ ;aj’) T

A+ AT
(25)-
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Prop 7.2 (Quadratic form < symmetric bilinear form). If @ : V — F is a quadratic form, then
there exists a unique symmetric bilinear form ¢ : V' x V — F such that

Qu) = p(u,u) VueV

Proof. Let ¢ be a bilinear form on V s.t. Yu € V, Q(u) = ¥(u,u). Let

1
cp(u, U) = 5(1/’(“7 1)) + 1/}(1}7 U))
Then 1 is a symmetric bilinear form
p(u, u) = P(u,u) = Qu)
Thus J bilinear symmetric such that
L
A— §(A +A)

Uniqueness: let ¢ be a symmetric bilinear form such that

Vu eV, o(u,u)=Q(u)
Then
Qu+v)=p(u+v,u+v)

@(uv u) + 290(71’7 v) + 90(7]7 v)
= Q(u) + 2¢(u,v) + Q(v)

= p(u,v) =

[Q(u+v) — Qu) — Q(v)]

N —
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Theorem 7.3 (Diagonalisation of symmetric bilinear forms). Let ¢ : V x V — F be a symmetric
bilinear form with dimp V' =n < +oo. Then there exists a basis B of V' such that [p]z is diagonal

Proof. We induct on dimension. n = 1 trivial. Suppose Theorem holds for all dimensions
<n. If p(u,u) =0 Vu € V, then ¢ = 0, done.
If ¢ £ 0, then Ju € V\{0} s.t. p(u,u) # 0. Let us call u = e;

U= ({e )t ={veV:pe,v)=0}=ker{p(e,):V = F}

Rank nullity on p(ey, -) gives
dimV =n=dimU +1
= dimU=n-1
We claim U + (e1) = U @ (e1). Indeed, for v = (e;) NU so v = Aey for A € F
= 0= p(e1,v) = p(e1, Ae1) = Ap(er, e1)
— A=0 = v=0

— V=U® <61>
Pick (ea, ..., e,) basis of U, B = (e1,e2,...,e,) basis of V, then

[o]s = (p(eire5))1<ij<n = [@(610’61) AO/]

as for j > 2, p(e1,e;) = ¢(ej,e1) = 0, with A’ = [p|y]p defined as expected and define
induction hypothersis
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Example. V = R3, (e, €2, e3) a basis

Q(z1, T2, %3) = 22 + 23 + 223 + 2x129 + 23123 + 27223 = T Az

where
1 1

(i) Diagonalise using the proof algortithm
(ii) Complete the square

Q(z1, 2, x3) = x% + x% + 222 + 22129 + 22123 + 2T0x3
= (z1 +x2 +23)% + 23 — 4wo23

= (.’1?1 + x9 + (E3)2 + ({E3 — 211?2)2 — (21‘2 )2
—— —— ~—~

& e al,
1
— PTAP= 1
-1
To fine P note that
a) 1 1 1] [a
zh| = [0 =2 1| |z
i 0 —2 0f |z3
| ——
P—l

7.1 Sylvester’s Law and Sesquelinear Forms

Theorem 7.4 (Can diagonalise symmetric bilinear forms). For dimpV < 00, ¢ : V. XV — F a
symmetric bilinear form, 38 basis of V' w.r.t. [¢]s is diagonal
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Corollary 7.5 (Can choose ‘nice’ basis for symmetric bilinear forms on C). For F = C, dim¢ V =
n < +00, ¢ symmetric bilinear form on V' x V', 9B basis of V s.t.:

I, 0

a=|5 o r=rt

Proof. Pick £ = (ey,...,e,) such that

[ple =

Qn

Order a; such that a; # 0 for 1 <4 < r and a; = 0 for 4 > r. Then, for i < r, let \/a; be a
choice of complex root for a;. Let

€

v; = for1<i<r

V@i
v; = e; for i >r

Then B = (v1,...,Vp, Upt1,...,Vy,) basis of V' and we can check

lpls = [1;;, 8}

Corollary 7.6 (Congruence of symmetric matrices in C determined by rank). Every symmetric
matrix of M, (C) is congruent to a unique matrix of the form

6 o
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Corollary 7.7 (Can choose ‘nice’ basis for symmetric bilinear forms on R). For F = R, dimg V =
n < oo and ¢ symmetric bilinear form of V' x V, we have 3B = (v, ...,v,) basis of V such that

for some p— ¢ > 0 and p+ g = r(p)

Proof. £ = (a1,...,e,) s.t.
ai

[ele =

Reorder indices such that a; >0, 1<i<p,a;<0,p+1<i1<qganda; =0, i>p+qg+1.
Define

\/ET for1<i<p

v; = \/6—le forp+1<i<p-+g
e fori>p+q+1
— B:(Cl,...,’un)

works

Definition. For F =R, s(¢) = p — ¢ = signature of ¢ (or the signature of the associated quadratic
form Q)

Remark. Need to show that s(¢) is intrinsic to ¢: does not change if the basis B changes

Definition. For ¢ symmetric bilinear form on a real vector space V. We say that
(i) ¢ is positive definite <= ¢(u,u) > 0 VYu € V\{0}
(ii) ¢ is positive semi definite <= ¢(u,u) > 0 Vu € V\{0}

)
(iii)
)

¢ is negative definite <— p(u,u) < 0 Vu € V\{0}
(iv) ¢ is negative semi definite < ¢(u,u) < 0 Vu € V\{0}
Example.

73

is positive definite for p = n, positive semi definite for 1 < p <n
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Theorem 7.8 (Sylvester’s law of inertia). F = R, dimp V = n < oco. If a real symmetric bilinear
form is represented by

in B basis of V and

in B’ basis of V'
— p=g, a—0q

Proof. In order to prove uniqueness of p, it is enough to show that p is the largest dimension
of a subspace of V' on which ¢ is definite positive. Say B = (v1,...,v,)

Let X = (v1,...,vp). Then ¢ is positive definite on X:

p
u€ X, u= Z)‘ivi
i=1

Qu) = ¢(u, u)

D D
= @(Z AiVs, Z Aﬂh‘)
pzfl =1
= Z A2
i=1

> (0 as long as v # 0
Suppose that ¢ is definite positive on another subspace X'. Let
X = (v1,...,0p)

Y = (Upt1,- -+, Un)
Then arguing verbating as above, we know ¢ is negative semidefinite on Y. This implies that
Y N X’ = {0}. Indeed if y € o N X', then
Qy) <0<Qy) = y=0
= Y+X' =YX
n=dimg V > dim(Y + X’) = dimY + dim X’
— n>n—p+dimX’
— dimX' <»p

Similarly, we show that ¢ is the largest subspace on which ¢ is definite negative and so we
have a geometric characterisation of p, g
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Definition.
K=veV:VueV oluv)=0

is the kernel of the bilinear form

Remark.
dm K +7(p) =n

One can show using the above notation that there si a subspace T of dimension:
n—(p+q)+minp,q
such that |7 = 0 (just consider ‘cancellations’ in matrix)
T = (V1 + Upsi,---,Vq + Uptq Uptqtls---sUn)

Moreover, one can show that the dimension of 7" is the largest possible dimension of a subspace T’
such that |7 =0

7.1.1 Sesquilinear Forms

We have standard inner product on C" given by

n
=i

Definition. If V, W are vector spaces over C. A sesquilinear form on V x W is a function
p:VxW—=C

such that:
(i)
©(A1v1 + Agvz, w) = A1p(v1, w) + Aop(v2, w)
(v>\1,>\2 € C, Yui,vp € V,Yw € W)
(ii) B B
P(v, w1 + Aawz) = (v, w1) + Aap(v, w2)

(antilinear with respect to the second coordinate)

Lemma 7.9 (Evaluating sesquilinear form w.r.t. bases). If B = (v1,...,v,,) is a basis of V and
C = (wi,...,wy) basis of W and [p]y ¢ = (p(vi,w;))1<i<m,1<j<n then

p(v,w) = [v]glels clwle
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Lemma 7.10 (Writing matrix for sesquilinear form). If B, B’ bases for V with P = [Id]g s and C,C’

bases for W with Q = [ Id]¢ ¢ a
[Pl .cr = PTelBc@

7.2 Hermitian Forms and Skew Symmetric Forms

Definition. A sesquilinear form ¢ : V x V — C is Hermitian if

Y(u,v) €V XV  o(u,v) = (v, u)

Remark. ¢ Hermitian = ¢(u,u) € R

Moreover,
@()‘u7 )‘u) = |)‘|290(u’ u)

This allows us to talk about positive or negative definite Hermitian forms

Lemma 7.11 (Hermitian iff matrix same as conjugate transpose for any basis). A sesquilinear form
@ :V xV — C is Hermitian iff: for any basis B of V'

&S

l¢ls = [#]

Proof. Let A = [¢]g = (aij)1<i j<n and it is trivial. Conversely, write v and v in terms of B

and apply linearity to show equality

Claim (Polarization Identity). A Hermitian form ¢ on a complex vector space V is entirely deter-

mined by
Q:V—-R v p(v,v)

via the formula

p(u,v) = 2[Q(u+v) — Qu—v) +iQ(u+ iv) —iQ(u — iv)]

N

Proof. Trivial check, similar to symmetric bilinear forms
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Theorem 7.12 (Hermitian formulation of Sylvester’s Law). Let n = dim¢ V < 400. Let p : VXV —
C be a Hermitian form on V. Then 3B = (vy,...,v,) of V s.t.

where p, ¢ depend only on ¢

Proof. Mainly identical to the case of real symmetric bilinear forms
Existence ¢ = 0 done. Otherwise, using the polarization identity, there exists e; # 0 s.t.
p(e1,e1) # 0. Then rescale e; to get p(v1,v1) = £1 Counsider the orthogonal:

W ={weV:p,w) =0}

then can check
V=(@)eWw

and we argue by induction on dimension to diagonalise.
Uniqueness of p: p is the maximal dimension of a subspace on which ¢ is definite positive.

Definition (Skew symmetric bilinear forms). A bilinear form ¢ : V x V' — R is skew symmetric if

YV(u,v) €V XV  olu,v) = —¢(v,u)

Remark. (i)
(i) VB basis of V,

(ifi) VA € M, (R)

symmetric + skew symmetric
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Theorem 7.13 (Sylvester form of skew symmetric matrices). Let ¢ be a skew symmetric bilinear
form over V' (vector space over R), then 3 a basis B of V

B = (v1, w1, V9, Wa, . . .y Uy Win, UV2m+15 V2mt2s -« - 5 Un)
S.t.
J
J
[e]ls =
J
0
0 1
=%

Proof. Induction on dimension of V. ¢ = 0 done. ¢ # 0 = 3I(vy,wy) : p(v1,wy) # 0.
After scaling say wi, we can assume

pv,w) =1 = p(wy,vy) = —1

Observe (v1,w;) are linearly independent.
Let U = (vy,wq)
W ={veV:p,v)=plw,v)=0}

then we can show V = U @& W by induction

Corollary 7.14. Skew symmetric matrices have an even rank
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8 Inner Product Spaces

Have for definite positive bilinear forms a scalar product and a norm. We have an infinite dimensional
counterpart — Hilbert Spaces.

Definition (Inner product, scalar product). Let V be a vector space over R (resp C). An inner
product on V is a positive definite symmetric (resp Hermitian) symmetric form ¢ on V

Notation. ¢(u,v) = (u,v). V is called a real (resp complex) inner product space

Examples. (i)
L1 Y1
R z=|:|, y=

Tn Yn
<$, y) = Z TiYi
=1
(i) C" )
(iii) V =€((0,1],C)
(f ) = / F(Hg(t) dr

(iv) We can fix a wright w : [0,1] — R% and define on V = C°([0,1], C):

(f,9) = / F®Fw () dt

Note. One can checkthat all the examples are inner product

Remark. The study of L? spaces is the heart of the definitian of a new integral: Lebesgue Integral

Definition (norm/ length).
loll = (v, 0))!/2

Remark. (v,v) € Ry and
lv] =0 <= v=0

78



Lemma 8.1 (Cauchy-Schwarz).
[{w, )| < [lull]v]]

Proof. With F/=R or C. Let t € F, then

0 < ||tu —v||? = (tu — v, tu — v)
= tt(v, u) — t{v,u) — v, u) + ||v||?
= [¢[?[|u)l* — 2 Re(t(v, u)) + [lv]I?

Choose explicitly -
RCRN)
ul?
which gives result and we can also show that if there is equality in Cauchy-Schwarz, then the
two vectors are colinear

Corollary 8.2 (Triangle inequality).

llu + vl < ]| + vl

Proof. trivial

Remark. ||-|| is a norm

Definition (Orthogonal/ orthonormal families). A set (eq,...,ex) of vectors of V is
(i) Orthogonal if
<ei)6j> =0if¢ #J
(ii) Orthonormal if

(e e5) = Si; = 0 foris#yj
© ! 1 fori=j

Lemma 8.3 (Orthogonal non-zero set is linearly independent). If (eq, ..., ex) are orthogonal (all non
zero) vectors, then they are linearly independent

k
v = Z)\j@j
j=1
)\ — <U’6J>
ARPHE

Proof. Just take inner products




Lemma 8.4 (Parseval’s identity). If V is a finite dimensional inner product space and (e, ..., e,)
is an orthonormal basis, then

n
lull =" 1w, ) ?
p=Il

Proof. Just write v and v using the previous lemma and take scalar products

Theorem 8.5 (Gram-Schmidt orthogonalization process). Given V an inner product space. Let
(vi)ier be such that I countable (or finite) and v; € V, (v;);er are linearly independent. Then there
exists a family (e;);cs of orthonormal vectors such that

Vk >1, span(vy,...,v;) = span{ep,...,ex)

Proof. We give an explicity algorithm to compute the family (e;);en. Induction on k:
e k=1, ey =wv1/||v1] since vy #0
e Say we have found (e, ..., ex) orthonormal with

span{vy,...,vx} = span{ey,...,ex}
e Let us compute ex41. We define:

k
!/
€41 = Vk+1 — Z<Uk+17 eie;
i=1

(notice we can interpret this as projection)
e ¢, # 0: otherwise,
Ug+1 € spaniey,...,ex} = span{vy,...,vx}
by induction on k
e For j e {1,...,k}:

k

(€h1r€5) = (W1 — Y _(Vet1, )i, €5)
1=1

e

(Vkt1, €5) E Vk+1, €5) (€3, €5)
i=1

= (Uk+1,€5) — (Vkt1,€5) =0
= V1<j<k e, le

e span{vy,..., v} = span{es, ..., ek, € 1} (follows from formula for e} )
e e, #050epr1 = e /|lexs1] does the job
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Corollary 8.6 (Can extend any orthogonal set to orthonormal basis). If V is a finite dimensional
inner product space, then any orthogonal set of vectors can be extended to an orthonormal basis of
V

Proof. Pick (ey,...,e) orthonormal. Then they are linearly independent and we can extend
to (e1,.-., €k, Vg11,---,0p) basis of V. We apply the Gram-Schmidt algorithm to this set to
get (e1,...,e,) orthonormal with

span{ey,...,e,} = span{ey, ..., e, Vki1,...,0nt =V
= (e1,...,€p) is an orthonormal basis

Remark. For A € M,,(R) or (M,(C)), then the column vectors of A are orthogonal iff AT = A = 1d
in R case or ATA = Id in C case

Definition. A € M, (R) (M, (C)) is:
e R orthogonal if:
ATA= Td(«+<= A1 =47

e C unitary if:
7

ATA=Td(+= A'=4")

Prop 8.7 (Decomposing into upper triangular and orthogonal). If A € M, (R) is non-singular, then
A can be written as
A=RT

where T is upper triangular and R is orthogonal (unitary)

Proof. Exercise (apply Gram Schmidt to the column vectors of A)

8.1 Orthogonal Complement and Projection

Definition. Let V be an inner product space with Vi,V < V. We say that V is the orthogonal
direct sum of V; and V5 if
HVv=relh
(ii) V(v1,v2) € V1 x V4
<1)1, 1)2> =0

Notation. V =V, &1 1,

Remark. V(v1,v2) € Vi x Va, (v1,v2) =050V, N V2 = {0}

Definition. For V an inner product space with W < V| we define

Wt ={veV:VweW,(v,w) =0}
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Lemma 8.8 (Subspace and orthogonal complement form direct sum). For V' an inner product space
with dim V' < +o0, and W <V, we have

V=weotwt
Proof. For w € W,w € W+
|w?|| = {w,w) =0
— w=0

Need to show V. = W + W, Let (ei,...,ex) be an orthonormal basis of W. Extend it to
(€1,.+.,€k, €kr1,---,€n) orthonormal basis of W. Observe that (eji1,...,6e,) € W=

= V=w4+wt

Remark.
V=Wwewt

Definition (Projection map). Suppose V = U @& W (U is a complement of W in V). We define
I:v-wWouv=ut+wm—w

o II is well defined

o II is linear

o [I2=1I
We say that II is the projection operator onto W

Remark. Id —II = projection onto U. We can make the projection map very explicit when U = W+
(U is the orthogonal complement of W in V)

82




Lemma 8.9 (Evaluating projection map in terms of inner products). Let V be an inner product
space. Let W <V, with W finite dimensional. Let (eq,...,er) be an orthonormal basis of W. Then

(i)

k

II(v) = Z(v,e@eh YveV

=

(i) Vv e V,\Vw e W
[ = TI(v)[| < flv = w]|

with equality iff w = TI(v)

Proof. (i) We define: for v € V
k

I(v) = Z(v, ei)e;

=1

W = span{ei,...,ex} so II(v) € W. We write
v=uv—1(v) + II(v)

And we claim v —II(v) € W+. Indeed, we need to show Yw € W, (v —TII(v),w) = 0. We

compute
k
<U - H(U)7 €j> = <Ua ej> - <Z<Ua ei>eia ej>
i=1
- <’l},€j> <’U,€]>
=0
v—T(v) € W+
thus
V=wetwt

(ii) Let v € V, w € W, let us compute:

lv —wl* = ]| v = TI(v) + () — w |
—_——— —

ewt ew
= [lv = T(v)||* + ITT(v) — w]|®
> flv - I(v)||?

with equality iff w = II(v). We have shows: Yw € W,

lv = w]]* > [lv — T(v)||?

8.2 Adjoint Maps

This is a fundamental object with deep infinite dimensional generalisations
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Definition. Let V,W be finite dimensional inner product spaces, & € L(V,W). Then there is a
unique linear map o* : W — V such that V(v,w) € V x W,

((v), w) = (v, a"(w))

Claim (Writing adjoint map). If B orthonormal basis of V' and C orthonormal basis of W then
lo*]e.s = (lels.c)”

Proof. Brute force computation

BZ{’Ul,...,’Un}
C:{wl,...,wn}

A= [a]gc = (aij)

Existence: let [o*]¢ 8 = (¢i;) we can compute

(@D Nivi), Y pyws) = () Niawiwg Y pjw;)
ik
= Z Aiajifty (*)

(Z AiUs, O‘*(Z piw;)) = (Z AiVi, Z 145 Chj Uk )
i j [ j.k
S e (%)
,J
and so

Cij = Qj;

and uniquely defined as (x) = (*x) for any vector iff ¢;; = aj;

Notation.
67

A = At

Remark. We are using the same notation o* for the adjoint (as just defined) and the dual map. If
V, W are real product inner spaces, and « € L(V, W)

Yryv V>V v (- 0)

Yrw W = W" w— (-, w)

then the adjoint of « is given by:
W--W'-V" >V

by ¥ r,w, dual of o and @[JE}V
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8.3 Self Adjoint Maps and Isometries

Definition. For V an inner product space, @ € L(V) and o* € L(V) the adjoint map, we have the

following:
Condition Equivalent Name
(ow, w) = (v, aw) a=a* Self Adjoint: R Symmetric C Hermitian
{av,aw) = (v,w) | a* =a~! Isometry: R Orthogonal, C Unitary
Proof. We check equivalence for isometries Have (a(v), a(v)) = (v, w) so ||a(v)||* = |lv]|* so

the kernel is trivial and thus « is a bijection so o' well defined
(v, 0 (w)) = (aw, w) = (av, ala~"w)) = (v,a~ w)
So we have shown YoVw
(v,(@" —a™Hw) =0

Choose v = (a* — a~ 1) (w) to get Vw
I = a~H)(w)|I* =0

= VYw,(a* —a ') (w) =0

—t O(* 2071

And for the reverse
(o, aw) = (v, " aw) = (v, w)

from the definition of o* and that a* = o~}

V(v,w) € V x W, {a(v), a(w)) = (v, w)

Remark. Using the polarization identity, one can show « isometry <= Vv € V,|a(v)| = ||v|| <

inner product space, we have o € L(V) is:
(i) self adjoint iff for any orthonormal basis B of V', [a]g is symmetric (Hermitian)
(ii) an isometry iff for any orthonormal basis of V, [a]g is orthogonal (unitary)

Lemma 8.10 (Classifying self adjoint maps and isometries). For V a finite dimensional real (complex)

Proof. Let B be an orthnormal basis:

&)
G
=
I
£)
=

(i) Self adjoinﬂx]g = [o]g
(ii) Isometry: [o]% = [alz

Definition. For V a finite dimensional inner product space with:
e F=R,O(V)={a€ L(V): «ais an isometry} = orthogonal group of V
e F=C,U(V)={a€ L(V) : «is an isometry} = unitary group of V'
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Spectral Theory for Self Adjoint Maps

Spectral theory is the study of the spectrum of operators

Lemma 9.1 (Self adjoint operators have real eigenvalues and an orthogonal set of eigenvectors). Let
V be a finite dimensional inner product space. Let a € L(V) be self adjoint: o = a*. Then

(i) « has real eigenvalues

(ii) Eigenvectors of o with respect to different eigenvalues are orthogonal

Proof. (i) Take A € C,v € V\{0} s.t. a(v) = Av. Then

(v,0) = AlJol®
(aw,v) = (v, av) = (v, \v)
= Allv|l?

= A=N[*=0
= A=\ A€eR

(ii) Let us consider two eigenvectors for different eigenvalues
av =\ aw = pw

with A\, 4 € R non-zero. Then

— (A= w)v,w) =0

= (v,w) =0
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Theorem 9.2 (Adjoint operators are diagonalisable). Let V' be a finite dimensional inner product
space and let o € L(V) be self adjoint. Then V has an orthonormal basis of eigenvectors of « (so «
is diagonalisable)

Proof. F =R or C. We argue by induction on the dimension of V'
en=1:V
e Say A = [a|g wrt fundamentabl basis B. By the fundamental theorem of algebra, we
know that x 4(\) has a root. This root is a n eigenvalue of « so the root is real. Let us
call this real eigenvalue A € R. Pick v; € V\{0} s.t.

a(vy)) =Avr vl =1
Let U = (v1)~ < V. Then U is stable by . Indeed, let u € U, then
(a(u),v) = (u, " (v1))
= (u, a(v1))

= (u, \vy)
= Mu,v1) =0

= a(u)lvy; = a(u) €U
e Hence we may consider a|y € L(U) which is self adjoint, and
n=dmV =dimU +1
= dimU=n-1

—> 3(v1,...,0,—1) orthonormal basis of U of eigenvectors of a|y so (v1,...,v,) is an
orthonormal basis of V' of eigenvectors of «

V=@)etU

Corollary 9.3 (Decompose V into orthogonal direct sum of eigenspaces). V finite dimensional inner
product space. If @ € L(V) is self adjoint, then V is the orthogonal direct sum of all the eigenspaces
of a
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9.1 Spectral Theory for Unitary Maps

Lemma 9.4 (Unitary maps have unit modulus eigenvectors which are orthogonal). Let V' be a
complex inner product space (Hermitian sesquilinear structure). Let a € L(V) be unitary (o = o~ 1)
then

(i) All eigenvalues of « lie on the unit circle

(ii) Eigenvectors corresponding to different eigenvalues are orthogonal

Proof. (i) Let A € C, v € L\{0} s.t. a(v) = v
e )\ #0: « isometry = « invertible so ker « = {0}
e We compute

Mo, v) = (v,a” 1)

and a(v) = \v = v = Aa~ v and so

1
A ) ==\
(v,0) = 3{0,)
= (AP =10 =0
= |\ =1

(ii) Let v, w be two eigenvectors for two distnct eigenvalues
av) =M a(w) = pw

Then
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Theorem 9.5 (Spectral Theorem for unitary maps). Let V be a finite dimensional complex inner
product space. Let a € L(V') be unitary. Then V has an orthonormal basis consisting of eigenvectors
of o

Note. Equivalently, « is diagonalisable in an orthonormal basis of V'

Proof. A = [«a]p, B orthonormal basis. Fix v; € V\{0} s.t.
a(vy) = vy v =1
Let U = (v1)*, we claim: o(U) < U. Indeed, for u € U

1

(a(u),v1) = =(u,v1) =0

= au) e U

Hence «|y € L(U) which is unitary and dimU = n — 1, n = dim¢ V. By induction, get

(va,...,vy,) orthonormal basis of U made up of eigenvectors of «|.
V=@)eltU
So (v1,...,v,) orthonormal basis of V' made of eigenvectors of «.

Warning. We used the complex structure. In general a real orthonormal matrix A s.t. AA”T = Id
CANNOT be diagonalised over R e.g. rotation in R?

9.2 Application to Bilinear Forms

Corollary 9.6 (Can diagonalise symmetric matrices with P~ = PT). Let A € M,,(R) (resp M,,(C))
be a symmetric (resp Hermitian) matrix. Then there is an orthonormal (resp unitary) matrix P such
that PT AP (resp PTAP) is diagonal with real valued entries

Proof. FF =R (C). Let () be the standard inner product over R™ (resp C*). Then A € L(F™)
is self adjoint hence we can fnd an orthonormal basis F™ such that A is diagonal in this basis,
say B = (v1,...,v,). Let P = (v1]...|v,) with (vq]...|v,) orthonormal basis. Have this iff P
unitary <= PTP = Id. I know P"'AP = D diagonal with real diagonal.

Then, as P~' = PT, PTAP =D




Corollary 9.7 (Can diagonalise symmetric forms). Let V be a finite dimensional real (complex)

inner product space. Let
p:VxV = F

by a symmetric (resp Hermitian) form. Then there exists an orthnormal basis of V' such that ¢ in
this basis is represented by a diagonal matrix

Proof. B = (vy,...,v,) orthonormal basis of V. Let:

A=[¢ls
— AT =4

and hence there is an orthogonal (unitary) matrix P such that: PTAP (PTAP) is diagonal,
say D.
Let (v;) be the ith row of PT (P%), then (vy,...,v,) is an orthonormal basis B’ of V and

[l =D

—eaee———————————————————————————— e —————————————————————+

Remark. The diagonal entries of PT AP are the eigenvalues of A. Moreover

s(¢) = number positive eigenvalues of A - number negative eigenvalues of A

Corollary 9.8 (Simultaneous diagonalization). Let V be a finite dimensional real (complex) vector

space. Let
Y, VxV > F

be symmetric (Hermitian) bilinear forms. Assume ¢ is definite positive. Then 3(vy,...,v,) basis of
V' with respect to which both forms are respected by a diagonal matrix

Proof. Key point: ¢ is definite positive so V' equipped with ¢ is a finite dimensional inner
product space

<uv U> = @(u’ U)
Hence there exists an orthonormal (for the ¢ induced scalar product) basis of V' in whihe v is

respresented by a diagonal matrix. Observe that ¢ in this basis is represented by the identity
matrix. (¢(vi,v;) = (vi,v5) = Si; )

Corollary 9.9 (Simultaneous diagonalization for matrices). A, B € M, (R) (resp M,,(C)) symmetric
(Hermitian). Assume
Vz #0, Z7 Az >0 (*)

. Then there exists Q € M,,(R) invertible such that: both matrices QT AQ, QT BQ are diagonal

Proof. The condition (*ljust expresses the fact that A induces ¢ definite positive..
Similarly Q(x) = Z! Bx, Q(x) = (x, z) symmetric so we just apply the previous simultaneous
diagonalization Theorem to ¢, ). We use change of basis formula for quadratic forms.
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