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1 Probability Spaces

Definition. Suppose € is a set and F is a collection of subsets of €2.
We call F a o-algebra if:
(i) QeF
(ii) if A € F, then AC € F
(iii) for any countable collection (A,,),>1 with A, € F Vn, we must also have that |J A, € F

Definition. Suppose F is a o-algebra on Q. A function P : F — [0,1] is called a probability
measure if

(i) P(Q) =1

(ii) for any countable disjoint collection (A, ),>1 in F with 4,, € F Vn, we have

IP>( U An) = ZP(An)

n>1 n>1

We call (Q, F,P) a probability space. € is the sample space
F a o-algebra
P the probability measure

Note. We say P(A) is the probability of A

Remark. When Q2 countable, we take F to be all subsets of Q2

Definition. The elements of ) are called outcomes and the elements of F are called events.

Remark. We talk about probability of events and not outcomes.

1.1 Combinatorial Analysis

Note.

< k) strictly increasing functions from set size k to size n

n+k—1
k

) increasing functions from set size k to size n

1.2 Stirling’s Formula

Notation. Let (a,) and (b,) be 2 sequences. We write:

. a
Ay, ~ by if = —1asn— oo

n




Theorem (Stirling).

n! ~n"V2mne™ " as n — o

Note. Weaker examinable statement proved below

Proof. Non-examinable.

Claim. Weaker statement of Stirling:

log(n!) ~ nlogn as n — co

Proof. Define I, =log(n!) =1log2 +...logn
For z € R, we write |z]: integer part of .

loglz| <logz < log|z + 1]

Integrate from 1 to n to reach result

/longdeS/ logxdxg/ log|z + 1]
1 1 1

1.3

Properties of Probability Measures

1.3.1 Countable subadditivity

Claim. Let (A,),>1 be a sequence of events in F (4, € FVn)
Then

p ([j An> <3 P(4)

n=1

Proof. Define By = A; and B, = A,\(41U---UA,_1)Vn > 2.

Then (B,,)n>1 is a disjoint sequence of events in F and |J B, = | A4x.
n>1 n>1
Then apply properties of probability measure

1.3.2

Continuity of Probability Measures

Let (Ay,)n>1 be an increasing sequence on F, i.e. Vn A,, € Fand A, C A,,11. ThenP(A4,,) < P(A,+41).
So P(A,,) converges as n — oo.




Claim.
Ji, P(4n (UA )

Proof. Set B; = A; and Vn > 2 B =A\(AL1U---UA,_1)

ThenUkaA andUkaUAk
k=1 k= k=1
Then use properties of probablhty measure.

Note. Similarly, if (A,) is a decreasing sequence in F, i.e. Vn A, € F and A, ;1 C A,, then

An)—>P<ﬂAn> as n — oo

1.4 Inclusion-Exclusion Formula

r Let A,B € F. Then P(AUB) =P(A) + P(B) —P(AN B)
Let C € F. Then P(AUBUC) = P(A)+P(B)+P(C)-P(ANB)-P(ANC)—-P(BNC)+P(ANBNC)

Claim. Let A4;,...,A, € F. then

(U A; ) —1)k+1 > P(A;, N--- N A4;)
k=1

1<i1 <2< < <n

Proof. By induction. For n = 2 it holds.
Assume it holds for n — 1 events. We will prove it for n events.

P(A,U---UA,) = P((A1U. .. Ap_1)UAp) = P(A1U. .. Ap_))+P(A)~P((A1U. .. An_1)NA,) ()

Notice
P((A1U...A,1)NA,) =P(A1NA)U---U(A,_1NAy))

Set B; = A; N A,,. By the inductive hypothesis,

n—1

P(A1U---UAp_1) =Y (-1 > P(A;, N---N A;,)
k=1 1<ip <ig < <ip<n—1
n—1

P(ByU---UB,_1) =Y (-1)F! > P(B;, N---N By,)
k=1 1<i1 <@ < <ip<n—1

Plugging these two into back into (*) gives the claim. [J




Let (0, F,P) with |©| < oo and P(A) = {5} VA € F.
Let Ay,..., A, € F. Then

n—1

|A1U"'UAn—1|=Z(—1)kH Z |[A;, NN A

k=1 1<i1 << <ip<n—1

1.4.1 Bonferroni Inequalities

~

Claim. Truncating sum in the inclusion-exclusion formula at the r-th term gives an overestimate if
r is odd and an underestimate if r is even, i.e.

P ( Ai) < z:(—l)]chl Z P(A;, N---NA;,) if r is odd
i=1 =il

1<i1 <ia < <ip<n

C s

%
Il

P (U Ai> > (-1 > P(A;, N---N Ay if 7 is even
=1l k

=il 1< <ia < <ig<n

Proof. By induction. For n =2 P(AU B) < P(A) + P(B)
Assume the claim holds for n — 1 events. Will prove for n.
Suppose r is odd. Then

P(AjU---UA,) =P(A1U---UA,_1)+P(A,) —P(B1U---UB,_1), where B; = A;N A, (x)
Since r is odd, apply the inductive hypothesis to P(A; U---U A,,) to get:
n—1 T
P (U Ai> <> (=R > P(A;, N---NA;)
i=1 k=1 1<i <ia<--<ig<n—1
Since r — 1 is even, apply the inductive hypothesis to P(By U---U B,,_1)
n—1 r—1
P (U Bi> > (-1k! > P(B;, N---N By,)
i=1 k=1 1<iy <ig<--<ig<n—1

Substitute both bounds in (*) to get an overestimate.
In exactly the same way we prove the result for r even. [




1.5 Independence

Definition. Let A, B € F. They are called independent (A Il B) if

P(AN B) = P(4) - P(B)

A countable collection of events (A,,) is said to be independent if V distinct i1, ia, . . ., iy we have
k
j=1

Remark. Pairwise independent does not imply independent see example below

Claim. If A is independent of B, then A is also independent of B¢

Proof. trivial

1.6 Conditional Probability

Definition. Let B € F with P(B) > 0
Let A € F. We define the conditional probability of A given B and write P(A|B) to be

P(AN B)

P(4IB) = —5 5

Note. If A and B are independent, then P(ﬂfz;’)g) = P(‘]%)(ggB) =P(A4)
So in this case P(A|B) = P(A)

Claim. Suppose (4,) is a disjoint sequence in F.
Then P(|J A,|B) = > P(A,|B) (countable additivity for conditional probability)

[ Proof. Apply above formula and use countable additivity




1.7 Law of Total Probability

Claim. Suppose (By,)nen is a disjoint collection in F and |J B,, = 2 and VnP(B,,) > 0.
Let A € F. Then P(A) =), P(A|B,) - P(By,)

Proof.

Then use countable additivity

1.8 Bayes’ Formula

Equation. Let (B,,) be a partition of €, i.e. (B,) are disjoint and UB,, = Q

VA € F P(B,|A) = S~ P(A|Br)P(Br)

Baye’s formula

1.9 Simpson’s Paradox

All applicants | Admitted | Rejected | % Admitted
State 25 25 50%
Independent 28 22 56%

Men Only | Admitted | Rejected | % Admitted
State 15 22 41%
Independent 5 8 38%

Women Only | Admitted | Rejected | % Admitted
State 10 3 7%
Independent 23 14 62%

Remark. This phenomenon is called confounding in statistics. It arises when we aggregate data
from disparate populations.




2 Discrete Random Variables

2.1 Definitions and Examples

Definition (Discrete Probability Distribution).
(Q, F,P) Q finite or countable

Q= {wl,wz,...,}
F = {all subsets of Q}
If we know P({w;}) Vi, then this determines P.

Indeed, let A C Q then
P(A) =P ( U {wi}) = ) P{wi})

w; EA iw; EA

We write p; = P({w;}) and we call it a discrete probability distribution

Note. Properties:
o p; >0V

*>pi=1

Example (Bernoulli Distribution). Model the outcome of the toss of a coin.

Q={0,1} pr =P({1}) =p and po =P({0}) =1-p

P(we see a H) =p, P(weseeaT)=1—p

Example (Binomial distribution).
B(N,p), NeZ",pe[0,1]

Toss a p-coin (prob of H is p) N times independently.

P(we see k heads) = (]Ij)pk(l —p)*
N _
Q={0,1,...,N} pp = (k> pF(1—p)F

N
Zpk =1
k=0




Example (Multinomial Distribution).

k
M(N,plw"apk)’ NGZ+3 pla"‘apkzoand sz:]-
=1
1 2 k

k boxes and N balls
P(pick box i) = p;

Throw the balls independently.

k
Q:{(nlvynk)eNanl:N}
i=1

The set of ordered partitions of N.

N
P(n; balls fall in box 1,...,ny fell in box k) = (m nk) -pit - pyt .. DRt an =N

Example (Geometric Distribution). Toss a p-coin until the first H appears.

Q={1,2,...} P(we tossed k times until first H) = (1 — p)*"'p = p

Zpk =1
k=1

Q={0,1,...} P(k tails before first H) = (1 —p)* -p = p),

oo
dorh=1
k=0

10




Example (Poisson Distribution). This is used to model the number of occurences of an event in a
given interval of time. For instance, the number of customers that enter a shop in a day.

Q={1,2,...} A>0

-, X
k!’
We call this the Poisson distribution with parameter .

P =¢€ vk € Q

D pr=e )y gr=ete=1
k=0 k=1

So indeed it is a probability distribution.

Suppose customers arive into a shop during [0, 1]. Discretise [0,1] , i.e. subdivide [0, 1] into IV intervals
[, 4], i=1,2,...,N

In each interval, a customer arrives with probability p (independently of other intervals and with
probability (w.p.) 1 — p nobody arrives.

N
P(k customers arrived) = <k) 'pk(l - p)N_k

Takep:%, A>0:

Keep k fixed and send N — oo

So:
k

A
-EasN—H)o

P(k customers arrived) — e~

This is exactly the Poisson distribution. So we showed that the B(N,p) with p = % converges to the
Poisson with parameter .

Definition. (2, 7,P). A random variable X is a function X : Q — R satisfying

{w: X(w)<z}e FVvzreR

Notation. We will use the shorthand notation: suppose A C R

(X €A} = {w: X(w) € A}

Definition. Given A € F, define the indicator of A to be

lifwe A

0 otherwise

llwe A) =14(w) :{

Because A € F, 1,4 is a random variable.

11




Definition. Suppose X is a random variable. Define the probability distribution function of X
to be
Fx(I) = P(X < .’L’), Fx :R— [0, 1]

Definition. (Xi,...,X,,) is called a random variable in R" if

(X1,...,Xn): Q> R®

and Vxq,...,2, € R we have
{Xl <xz,...,X, Sa:n} e F
ie.
{w: Xi(w) <x1,..., Xp(w) <a,}
Note. This definition is equivalent to saying that Xy, ..., X,, are all random variables (in R).
Indeed:

{XlgxlavXnan}:{Xlgxn}mO{Xngxn}EJ:
EF EF

Definition. A random variable X is called discrete if it takes values in a countable set.

Notation. Suppose X takes values in the countable set S. For every xz € S we write
pr =P(X =2) =P({w: X(w) = z})

We call (p;)zes the probability mass function of X (pmf) or the distribution of X.
If (p,) is Bernoulli then we say that X is a Bernoulli r.v. or that X has the Bernoulli distribution.
If (p,) is Geometric, similarly say X is a geometric r.v. etc.

Definition. Suppose that Xi,...,X, are discrete r.v.s taking values in Sp,...,S,. We say
X4,..., X, are independent if

P(Xlle,...,anxn):P(Xl :l‘l)P(Xn:CUn) Typ €851,...,T, €8y

2.2 Expectation

(Q, F,P). Assume ( is finite or countable.
Let X : Q — R be a r.v. (discrete).
We say X is non-negative if X > 0.

12



Definition (Expectation of X > 0).
E[X] =) X(w) P({w})

Qx ={X(w) :we N}

So
U (x =2}

rENx

]E[X]IZ Pwh= > D> X(w)-P({w}

z€Qx we{X=x}
Z Z P({w}) = Z z-P(X =2x)
2€Qx we{X=x} TEQX

So the expectation of X (mean of X, average value) is an average of the values taken by X with
weights given by P(X = z).
So

E[X] = Z T Py

TEQx

Definition. Let X be a general r.v. (discrete). We define X; = max(X,0) and X_ = max(—X,0).
Then
X=X;-X_

1X| =X, +X_

We can define E[X ] and E[X_] since, they are both non-negative.
If at least one of E[X ] or E[X_] is finite, then we define

E[X] = E[X,] - E[X_]

If both are co (E[X ;] = E[X_] = c0), then we say the expectation of X is not defined. Whenever we
write E[X], it is assumed to be well-defined.

If E[|X|] < oo, we say X is integrable.

When E[X] is well defined, we have again that

EX]= ) z-P(X=nz)

TEQx

13




2.2.1 Properties of Expectation

~

Claim. Suppose X1, Xo,... are non-negative radom variables. Then

o

Proof. (2 countable)

E[ZXn] ZZX P{w}) =Y Xp(w)P({w}) =Y E[X,]

n

Claim. If g : R — R, then define g(X) to be the random variable g(X)(w) = g(X (w))
Then E[g(X)] = Zzeﬂx g(z) -P(X =x)

Proof. Set Y = g(X). Then

=Y yPY=y

IS 2%
{Y=y}={w:Y(w) =y} ={w:g(X(w) =y} ={w: X(w) e g ' {y})} ={X e g " ({y})}
So
EY]= Y y-PXeg'({y})

yeQy

:Zyo Z P(X = x)

yeQy  zeg-1({y})

- > s@-Px=-3

y€Qy zeg—1({y})

= > 9@ PX =2)

TEQx

Claim. If X > 0 and takes integer values, then

E[X]:i P(X > k) i]P’X>k
k=1 k=0

Proof. We can write since X takes > 0 integer values

X = i1X>k i1(X>k) (%)
k=1 k=0

Taking E in (*) and using that E[1(A)] = P(A) and countable additivity for (1(X > k))j gives
the statement. O

14



2.3 Another proof of the inclusion-exclusion formula

2.3.1 Properties of Indicator Random Variables

o 1(A9) =1-1(4)
e 1(ANB) =1(A) - 1(B)
e (AUB)=1-(1-1(4)1-1(B))

More generally

n n

i=1 i1 <i2

Taking E of both sides we get

P(AyU---UAn) =Y P(A)— Y P(Ay, NA,) +- -+ (=)™ P(A; N+ N A4y)

1A U UA) =1-JJ1-1(4) =) 1(A) = D 1(A, NAy) +--+ (-1)" 1 (AN -
1=1

NA4,)

2.4 Terminology

of X

Definition. Let X be ar.v. and r € N. We call E[X"] as long as it is well-defined) the r-th moment

Definition. The variance of X denoted Var(X) is defined to be

Var(X) = E[(X — E[X])?]

the more concentrated X is aroudn E[X].
We cally/Var(X) the standard deviation of X

The variance is a measure of how concentrated X is around its expectation. The smaller the variance,

Properties:
e Var(X) > 0 and if Var(X) = 0, then

P(X = E[X]) =

e c € R, then Var(cX) = ¢*Var(X) and Var(X + c¢) = Var(X)
o Var(X) = E[X?] — (E[X])?

Proof. Just expand out, use properties of expectation

o Var(X) = miﬁr{l E[(X — ¢)?] and this min is achieved for ¢ = E[X]
cE

Proof. Just expand out RHS

15



Definition. Let X and Y be 2 random variables. Their covariance is defined
Cov(X,Y) =E[(X — E[X])(Y — E[Y])]

“It is a “measure” of how dependent X and Y are.”

Properties
(i)
Cov(X,Y) = Cov(Y, X)
Cov(X, X) = Var(X)

Cov(X,Y) = E[XY] — E[X] - E[Y]

Proof. Expand LHS

(iv) Let z € R. Then
Cov(cX,Y) = cCov(X,Y)

and
Cov((c+ X),Y) = Cov(X,Y)

(v)
Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y)

Proof. Expand out

(vi) For all ¢ € R, Cov(c,X) =0
(vil) X,Y,Z are random variables, then

Cov(X +Y,Z) =Cov(X,Z) + Cov(Y, Z)
More generally, for c¢1,c¢2,...,¢n,d1,...,¢n € Rand X;,..., X, and Y7,..., Yy r.v’s
Cov (Z CiXi, ZdlY;> — ZZCideOV(Xi, Y'J)
i=1 i=1 i=1 j=1

In particular

Var (2”: XZ-> = En:Var(Xi) + Z Cov(X;, X;)
=1 =1

i#]

Remark. Recall that X and Y are indep, if for all  and y

PX=z,Y=y)=PX=2x)-PY =y)

16




Claim. Let X and Y be 2 indep. r.v’s and let
f,g:R—=R

Then

Proof. Use remark, Z(m’y)

Equation. Suppose that X and Y are independent. Then
Cov(X,Y) =0, since Cov(X,Y) =E[(X —E[X])(Y —E[Y]) =0
So if X and Y are independent, then

Var(X +Y) = Var(X) + Var(Y)

Warning.
Cov(X,Y) =0 =~ independence

2.5 Inequalities

2.5.1 Markov’s Inequality

Claim (Markov’s Inequality). Let X > 0 be a random variable. Then Va > 0,

P(X >a) <

Proof. Observe that

Then take expectations

2.5.2 Chebyshev’s Inequality

Claim (Chebyshev’s Inequality). Let X be a r.v. with E[X] < co. Then Va > 0

- Var(X)

= (L2

P(|X - E[X]| > a)

Proof. Use Markov on the random variable Y = (X — E[X])? and a?

17



2.5.3 Cauchy-Schwarz Inequality

~

Claim (Cauchy-Schwarz Inequality). Let X and Y be 2 r.v’s. Then

E[lXY]] < VE[X?|E[Y?]

Proof. Suffices to prove it for X and Y with E[X?] < oo and E[Y?] < oo
Also enough to prove it for X, Y >0

Xy < %(X2 +Y?) = E[XY]< =(E[X]]+E[Y?]) < o0

N =

Assume E[X?] > 0 and E[Y?] > 0, otherwise result is trivial.
Let t € R and consider
0< (X —tY)?=X?-2tXY +¢*Y?

Take expectations and minimise f by taking ¢t = E[XY]/E[Y?]. Sub in and result immediate

2.5.4 Cases of Equality

Note. Equality in C-S occurs when

E[(X —tY)?] =0 for t =

E[(X —tY)) =0 = P(X =tY) =1

2.5.5 Jensen’s Inequality

Definition. A function f: R — R is called convex if Vz,y € R and for all ¢ € (0,1)

fltz+ (1 =t)y) <tf(z)+ (1 —-t)f(y)

18



Example.

8l---
<

Claim (Jensen’s Inequality). Let X be a r.v. and let f be a convex function. Then

E[f(X)] = f(E[X])

Proof. Let m € R. Let © < m < y. Then m = tz + (1 — t)y for some ¢t € [0,1]. Use the
definition of convex to get an inequality which leads to

fm) - ) _ f@y) = £(m)

m—x Y

Then let
oy T = £@)

r<m m—x

and use above to get
f(@) > a(z —m) + f(m) for all x

Set m = E[X] and apply last inequality to X then take expectation to get result

Note. A rule to remember the direction:
Var(X) = E[(X — E[X])?] > 0

implies
E(X?) 2 (E[X])’D

19




2.5.6 Cases of Equality

~

E[f(X)— (aX +b)]=0

f(X)>aX +b

from before so this forces f(X) =aX +b
By assumption f(E[X]) = aE[X] + b and Vz # E[X] f(x) > ax + b
So this forces X = E[X] with probability 1

2.5.7 AM-GM Inequality

Claim (AM-GM Inequality). Let f be a convex function and let zy,...,2, € R. Then

D WCOEY, (% Zxk)
k=1

k=1

E[f(X)] = f(E[X])

Proof. Define X to be the r.v. taking values {z1,...,x,} all with equal prob
Apply Jensen’s with f(z) = —logx

2.6 Conditional expectation

Note. Recall if B € F with P(B) > 0, we defined

P(AN B)

Definition. Let B € F with P(B) > 0 and let X be a r.v.
We define

E[X|B] =

20



2.6.1 Law of Total Expectation

~

Claim (Law of Total Expectation). Suppose X > 0 and let (©2,,) be a partition of Q into disjoint
events, i.e.
Q=Jo
n

Then

Proof. Write
X=X-1(Q) =) X 1)

and take expectations

2.6.2 Joint Distributions

Definition. Let X,..., X, be r.v.’s (discrete). Their joint distribution is defined to be

P(X; =z1,...,Xp =op) Vo1 € Qxy,...,2n € Qx,,

P(X:=a1) =P{Xi =z }n|JU{Xi=z})= > PXi=m,...X, =2,)

i=2 X; X1, Xom

P(X; = 2;) = > P(X1 = @1, .., Xn = Tpn)
X150, Xi—1, X 41,00, X0

We call (P(X; = z;))4, the marginal distribution of X;

Definition. Let X and Y be 2 r.v.’s
The conditional distribution of X given Y =y (y € Q,) is defined to be

P(X =z|Y =y), x € Qx

P(X=2z Y=y

PX =z|Y =y) = PY =)

Equation.

(law of total probability)
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2.6.3 Distribution of the sum of independent r.v.’s

~

Definition. Let X and Y be 2 independent r.v.’s (discrete)

PX+Y=2)=) PX=z—-y)-PY =y)

This last sum is called the convolution of the distribution of X and Y
Similarly,

]P(X—l—Y:z):Z]P’(X::c)P(Y:z—x)

Example. If X ~ Poi(\) and Y ~ Poi(u) independent then X + Y ~ Poi(\ + p)

Definition. Let X and Y be 2 discrete r.v.’s. The conditional expectation of X given Y =y is

E[X - 1(Y =y)]

EIXIY =) = ~ 5o —

EX]Y =y =) aP(X =2[Y =y)

Note. We observe that for very y € Qy, E[X|Y = y] is a function of y only.
We set

9(y) =E[X]Y =y]

Definition. We define the conditional expectation for X given Y and write it as E[X|Y] for the
random variable g(Y)

We emphasise that E[X|Y] is a random variable and it depends only on Y, because it is a function
only of Y

Equation.

E[X|Y] =) EX|Y =y] 1Y =y)
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2.6.4 Properties of Conditional Expectation

~

Claim.
°

Ve € R E[eX|Y] =c-E[X|Y] and E[c]Y] =¢
e Xq,...,X, r.v.’s, then

= ZE[XJY]

i=1

E li XY
=1l

E[E[X|Y]] = E[X]

Proof. only prove third:
EX|Y] =) 1(Y = y)E[X|Y =y]
Y

Taking expectation of both sides gives result

Proof (Another way).

ZEX|Y—Z/] P(Y ZZ%P =]V =y)-P(Y =y) =E[X] =0

Claim. e Let X and Y be 2 independent r.v.’s. Then

E[X|Y] = E[X]

Proof.

EX|Y] =) 1(Y E[X|Y = y]
Yy

Expanding the expectation gives result

Claim. Suppose Y and Z are independent r.v.’s. Then

E[E[X|Y]|Z] = E[X]

Proof. We have E[X|Y] = g(Y) i.e. E[X|Y] is a function only of Y. If Y and Z are indep.,
then f(Y) is also independent of Z for any function f. (can show directly)
So g(Y) is independent of Z. By the a previous property, we get

E[g(Y)|Z] = E[g(Y)] = E[E[X|Y]] = E[X] O




Claim. Suppose h: R — R is a function. Then

E[A(Y)- X|Y] = h(Y) - E[X|Y]

Proof.
E[r(Y) - XY =y] =E[h(y) - XY =]
= h(y) - E[X]Y = y]
So
Er(Y) - X|Y]=h(Y) -EX|Y]O
Corollary.
EEX|Y]]Y] = E[X]|Y]
and

E[X|X] =X

2.7 Random Walks

Definition. A random/ stochastic process is a sequence of random variables (X,,)nen

Definition. A random walk is a random process that can be expressed in the following way
Xp=z+Y1+---+Y,

where (Y;) are independent and identically distributed (iid) r.v.’s and « is a deterministic number
(fixed).

Method. Let’s focus on the SRW (simple random walk) on Z which is defined by taking

P(Y;=+1)=pand P(Y; = —-1)=qg=1—p

| | | 7
i—1 1 i+1
We can think of X,, as the fortune of a gambler who bets 1 at every step and either receives it back
doubled it w.p. p or loses it with prob. g

q p

————¥ |

0 x i—1 @ i+1 a
Suppose the gambler starts with £z at time 0. What is the prob. he reaches a before going bankrupt?
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Notation. We write P, for the probability measure P(:| Xy = z) i.e.

VA € F Py(A) = P(A| X, = 1)

Method. Define
h(z) = P,((X,) hits a before hitting 0)

By the law of total probability, we have
h(z) =P, ((X,) hits a before hitting 0|Y; = +1) - P, (Y1 = +1)
+ P,.((X,) hits a before hitting 0|Y; = —1) - P,(Y; = —1)
hz)=p-hlz+1)+q-h(z—1)0<z<a
h(0) = 0) while h(a) =1

o Casep=gq= %:
h(z) —h(z+1)=h(z—1) — h(x)
In this case,
h(z) = g
*pF¢
h(z) = ph(xz + 1) + gh(x — 1)

Solving this recurrence relation with boundary conditions yields:

Equation.

This is the Gambler’s Ruin estimate.
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2.7.1 Expected time to absorption

~

Equation. Define
T =min{n >0: X,, € {0,a}}

i.e. T is the first time X hits either 0 or a.
Want to find
E.[T] = 72

Conditioning on the first step and using the law of total expectation yields
To=14+p Tor1+q 71 0< <0

To=7T,=0

e Case p = % Guessing quadratic solution and applying boundary conditions gives:
Tz = x(a — )
o Case p # % Guessing Cz particular integral and solving recurrence relation gives:

qm_
1 q (ﬁ !

q—p q—ﬁ(%“_l
D

2.8 Probability Generating Functions

Definition. Let X be a r.v. with values in N. Let
pr=P(X=r), reN

be its prob. mass function. The pgf of X is defined to be
o0
p(z) = Zpr 2" =E[2¥] for |2] <1
r=0

When |z| < 1, the pgf converges absolutely (trivial check)

Theorem. The pgf uniquely determines the distribution of X

Proof. Suppose (p,) and (g,) are 2 prob. mass functions with

oo oo
Zp,,z’” = Zq,«zr V|z| <1
r=0 r=0

Show p, = ¢, Vr by applying induction: cancelling same terms, dividing by power of z and
taking limit to zero
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Theorem. we have
lim p/(2) = p/(1-) = E[X]

z—1

Proof. Assume first that E[X] < oo.
Let 0 < z < 1. We can differentiate p(z) term by term and get

pz) =) rp2" ' <> rp, = E[X]
r=0 =il

(because z < 1)
Then just do analysis, considering the following;:
Let ¢ > 0 and N be large enough s.t.

N
err >E[X]—¢
r=0

Also
So

Follow appropriate similar reasoning for E[X] = cc.

Note. In exactly the same way one can prove the following:

Theorem.
p'(1-) = lim p''(2) = E[X(X — 1)
vk >0, p®(1-) = limlp(k) )=EX(X—-1)...(X —k+1)]
z—

In particular
Var(X) = p"(1-) +p'(1-) — (p'(1-))?

Moreover
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Equation. Suppose that X, ... X,, are independent r.v.’s with pgf’s q1, ..., g, respectively, i.e.
g = E[z]

Let

So
p(2) = E[2*t - 2%2 . 2% = E[2X]. . E[z%"] = q1(2) ... qu(2)

If X;’s are iid, then

Example.
(i)
X ~ Bin(n,p)
p(z) = (pz+1-p)"
(ii) Let X ~ Bin(n,p) and Y ~ Bin(m,p) and X 1l Y
E[-X*Y] =E[X]-E[z"] = (pz +1-p)" - (pz +1-p)" = (pz + 1 —p)"*™"

So
X +Y ~ Bin(n+m,p)

(iii) Let X ~ Geo(p)

(iv) Let X ~ Poi())
E[ZX] _ e)\(zfl)

Let X ~ Poi(A), Y ~ Poi(\) and X 1L Y

E[zX+Y] = 7D eplxD) = (OGN — X 4V ~ Poi(A + p)
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2.9 Sum of a Random Number of r.v.’s

Method. Let X, X5,... beiid and let N be an indep r.v. taking values in N.

Define
Sp,=X1+--+X,Vn>1

Then
SN:X1+"+XN

means Vw € €,
N (w)

Sn(w) = X1(w) + - + X)) = D Xi(w)
i=1
Let g be the pgf of N and p the pgf of X;.
Then

SN]

r(z)

E[z

E[ZX1+"'+XN]
ZE[ZXH"”"’XN -1(N =n)]
q(p

(2))

by working through the algebra

2.9.1 Another Proof Using Conditional Expectation

Method.

which leads to

So

Subbing in z = 1— yields

Equation.
E[Sy] = E[N] - E[X1]

Similarly
Var(Sy) = E[N] - Var(X;) + Var(N) - (E[X1])?
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2.10 Branching Processes

From Bienaguie/ Gralton-Watson, 1874.

Method. (X, :n > 0) a random process.
X, = # of individuals in generation n

Xo=1
The individual in generation 0 produces a random number of offspring with distribution
gk = P(X, =k) , k=0,1,2,...

—_———
# children of 1%¢ individual

Every individual in gen. 1 produces an indep. number of offspring with the same distribution.
Let Yy, : k> 1,n > 0) be an iid sequence with distribution (gx)ren
Y%.n is the number of offspring of £-th indiv. in gen. n

X _JYia+--+Yx, n : when X, >1
nH 0 otherwise

Theorem.

Proof.
E[Xn+1] = E[E[Xn+1|Xn]]

(trivial to show)
So
E[X,11]|X0] = X - E[X1]

Taking expectation and iterating we get

E[X, 1] = (B[X:))""" O
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Theorem. Set

and

Then

Proof. Condition on X,, as one would expect and we get:

E[E[z*"+]X,]] = E[(G(2))*"] = Gn(G(2))

2.10.1 Extinction Probability

Method.
P(X,, = 0 for some n > 1) = extinction prob. = gq

qn = ]P(Xn = O)
An = {Xn = O} c {Xn+1 = O} = An+1

Then (A4, is an increasing sequence of events.
So by continuity of prob meas.

P(A,) — P (U An> as n — 0o

But
UA” = {X,, =0 for some n > 1}

Therefore we get g, — q as n — oo

Claim.
gnt1 = G(qn) (G(2) = E[z*"]) and also ¢ = G(q)

Proof.
Gnt1 = P(Xp41 =0) = Gn41(0) = G(Gr(0)) = G(gn)

Since G is continuous, taking the limit as n — oo and using ¢, — ¢, we get

G(g) =q0O
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Claim (same as previous, different proof).

gnt1 = G(qn) (G(2) = E[z*"]) and also ¢ = G(q)

Proof (Alternative). Conditional on X; = m, we get m independent branching processes.
So we can write
Xnt1 :Xr(zl) +...+XT(Lm)

where (X i(j )) are iid branching processes all with the same offspring distribution.

So

i1 =P(Xpn11=0) = ZP(X"H =0|X; =m) P(X; =m)

=> P(XM=0,...,x™ =0)-P(X; =m)

m

Remark. So we have proved
n+1 = G(qn) and ¢ = G(q)

I

I

I

I

I

I

1 q
the tangent to the graph of G at 1 in 15 has slope < 1.

The slope = G'(1-) =E[X;] < 1

In 2", the slope is
G'(1-)=E[Xy]] > 1

and we see that ¢ < 1
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Theorem. Assume P(X; = 1) < 1. Then the extinction probability is the minimal non-negative
solution to the equation

t=G(t)

We also have
g<1iff E[X;]>1

Proof (of minimality). Let ¢ be the smallest non-negative solution to z = G(z). We will show
that g = t.
We are going to prove by induction that

Gn <t Vn

Then taking the limit as n — oo will give us ¢ < t.
Since we know that ¢ is a solution, this will imply ¢ = ¢.

qOZP(XOZO)St

Suppose ¢, <t
dn+1 = G(Qn)

G is an increasing function on [0, 1], and since g, < t, we get

Gnt1=G(gn) <G(t) =t 0O

Proof (2°¢ part). Consider the function H(z) = G(z) — 2
Have cases P(X; < 1) =1 or P(X; < 1) < 1. The first is trivial. For the second case, think
about the diagrams previous and how to use Rolle’s theorem on H to show what we desire.




3 Continuous Random Variables

3.1 Definitions and Properties

(Q,F,P)
X:Q—=Rst. VzeR

{X<z}={w: X(w) <z} eF

The probability distribution function is defined to be

F:R —[0,1] with F(z) =P(X < )
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Propertie

(i) ifz

s of F'
<y then F(x) < F(y)

Proof.
{X <z} c{X <y}

Va <b, a,be RP(a <X <b)=F(b) — F(a)

Proof.

P(a < X <b)=P({a > X}N{X <b})
=P(X <b)—P{X <b}N{X <a})

(iii) F is a right continuous function and left limits exists always

F(a—) = lim F(y) < F(x)

Yy—x

Proof. NTP )
lim F (m + —) = F(z)
n—oo n
Define q
Ay ={z<X<z+ -}
n

and use that (), 4, = @.
Left limits exist by the increasing property of F’

(iv) F(z—) =P(X < z)

Proof. )
F(z—)= lim F (x— —)

n— oo n

Bn:{XSx—l}
n

then (B,,) increasing and |J,, B, = {X < z}

Consider

P(B,) - P(X <n) = F(z—) =P(X < z)

and

IILH;O F(z)=1
A, FlE) =0

Proof. Exercise
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Remark. For a discrete variable, F(z) = P(X < z)

® o
o
| |
[ [ [ T
1 x2 z3

F is a step function (right continuous with left limits)

Definition. A r.v. X is called continuous if F' is a continuous function, which means that
F(z)=F(z—)Vr = P(X <z)=P(X <z) Vx

In other words, P(X =2) =0Vz € R

Equation.
F'(z) = f(=)

F differentiable so say it is absolutely continuous
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3.2 Expectation
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Claim. Let X > 0. Then

Proof (1%Y).

Proof (2°9).

Taking expectation, we get

Example. Uniform distribution is defined as you expect, write X ~ Ula, b]

Example. Exponential distribution
f)=Xe ™ A>0, >0, X ~ Exp()\)

F(z)=1—e?®

E[X] =




3.3 Exponential as a limit of geometrics

Equation. Let T~ Exp()\) and set T}, = |[nT| Vn € N

k —Xk/n —A/n k
= > = = =
P(T,>k)=P (T > n> e (e )

So T,, is a geometric of parameter

—A/n

A
pn=1—c¢ ~ — asn— oo
n

and

T,
2 5 Tasn—
n

So the exponential is the limit of a rescaled geometric

Remark. Memoryless property:
5,t>0P(T>t+s|T>s) =eM=PT >t

T ~ Exp()\)

Prop. Let T be a positive r.v. not identically 0 or co.
Then T has the memoryless property iff 7" is exponential

Proof. —:
Vs, t P(T >t +s)=P(T > s)P(T > t)

Sub t = 1, then t = m/n. Then let P(t = 1) = e~ so we have proved that
gt) =P(T >t)=e M VteQ,

And for t € RT. We can bound r <t < s with r,s € Q" and |r — s| < € then take limit

Theorem. Let X be a continuous r.v. with density f. Let g be a continuous function which is either
strictly increasing or strictly decreasing and g~ is differentiable.
Then ¢(X) is a continuous r.v. with density

Flg™(z))-

Proof. Treat increasing and decreasing cases separately
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Example. Normal distribution:
—00 < < 00, 0 >0 are our 2 parameters.

flx) = M) z€eR

1
V2mo? P <_ 202

Can show expectation and variance are what we expect.
When X has density f, we write X ~ N(u,0?)

(X is normal with parameters y and o?)

When g =0 and 0% = 1,, we call N(0,1) the standard normal.

If X ~N(0,1), we write
x
1
O(z) = / e /2 qu

oo P
and
P(z) = ¥'(@) = o=
V2m
Have

o) =p(-z) = @)+ ®(—2)=1 = P(X <z)=1-P(X < —z)

Method. Let a #0, b€ R. Set g(z) =az+b
Define Y = g(X). We can show that Y ~ N(au + b, a?c?) by considering density of Y’
o is the ‘standard deviation’.
Suppose X ~ N(u,0?), then
X—p
o

~ N(0,1)

3.4 Multivariate Density Functions

Equation. X = (X3,...,X,) € R" r.v.
We say that X has density f if

X Xom
P(Xlgxl,...,Xnan):/ / fyis- - s yn)dys ... dyn

— 00 — 00

=F(X1,..,Xn)

Then

f(X17-.-7Xn> = mF(I],...,mn)

This generalises: “v” B C R"

P((X1,...,Xn) GB)Z/Bf(3117~--7yn)dy1~--dyn

Definition. We say that X1,...,X,, are independent if Vz1,...,x,,
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Theorem. Let X = (X,...,X,) have density f
(i) Suppose X, ..., X, are independent with densities fi, ..., f,. Then

f@y,osn) = fi(an) - fo(an)

(ii) Suppose that f factorises as in (*) for some non-negative functions (f;). Then X;,
independent and have densities proportional to the f;’s

..., X, are

Proof.
(i) Apply definitions
(ii) Let By,..., B, C R then
P(XleBl,,XnEBn)Z/ / fl(ibl)fn(l‘n)diﬁldl'n
By B,

Factorise this appropriately and let B; = R for j # ¢ to get:

(y)d
IP’(XZ- GBZ-) _ fBlf(y) Y
This shows that the density of X is
fi
fR fz(y) dy

Then we can check independence

Equation. Suppose (X1,...,X,) has density f

le(iL"l):/_O:O--~/_O;f(x1,...,xn)dx2...dmn

3.5 Density of the Sum of Independent r.v.’s

Equation. Let X and Y be 2 independent r.v.’s with densities fx and fy respectively.

pec+v <= [ ([ o))

So the density of X +Y is
| #oly-a)ixie)ds

We call this function the convolution of fx and fy

Definition. f,g: 2 densities

fxglx) = /_00 f(z —y)g(y)dy = convolution of f and g
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Moral. We can non-rigorously show this

IP’(X+Y§2):/OOP(X+Y§27Y€ dy)
= [ B -yry ey
= [ -y
SRy <= [ SR [ ixe- R0 d

So the density of X +Y is
| sG-nrrw

3.6 Conditional Density

Definition. Let X and Y be continuous variables with joint density fx,y and marginal densities fx
and fy. Then the conditional density of X given Y = y is defined

Ixiy (ely) = hjgfy_g)y)

3.7 Law of Total Probability

Equation.

fx@) = [ " e = / " )

Remark. Want to define E[X|Y] = g(Y) for some function g.
Define

o) = | " Rl

— 00

Set E[X|Y] = g(Y') = conditional expectation of X given Y.
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3.8 Transformation of a multidimensional r.v.

Theorem. Let X be a r.v. with values in D C R? and with density fx.
Let g be a bijection from D to g(D) which has a continuous derivative on D and

detg'(z) #0Vx € D
Then the r.v. Y = g(X) has density
fr(y) = fx(@)-|J|

where = g~!(y) and J is the determinant of the Jacobian

det Jij = det <g§l>
J

Proof. We do not prove it here.

3.9 Order Statistics for a Random Sample

Equation. Let Xi,..., X, be iid with distr. function F' and density f.
Put them in increasing order
Xy = X@) = S X

and set
Y =X

Then (Y;) are the order statistics. We can show:
P(Y, <) = (F(z))"
fr.(@) = n(F(@)" " f(z)

We can show the density of Y7,...,Y,, is:

nlf(z1)... f(zn) when X; < Xy <...X,
0 otherwise

le,...,Yn($17~-,$n) = {

Equation. If X;,..., X, are independent with X; ~ Exp(}\;) then

min(Xy,...,X,) ~ Exp (Z )\i>
i=1

Example. Let X3,..., X, be iid Exp()) and let Y; be their order statistics
Zv=Y1, Zo=Yo—-Y1,...,.Z, =Y, =Y, 1

So Zi,...,2Z, are independent and Z; ~ Exp(A(n — ¢+ 1)). We can show this by considering the
bijection with the values of Y; and applying a previous equation.
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3.10 Moment Generating Functions (mgfs)

Definition. Let X be a r.v. with density f. The mgf of X is defined to be
oo
m(0) =E [**] = / % f(z) dz
—00

whenever this integral is finite
m(0) =1

Theorem. The mgf uniquely determines the distribution of a r.v. provided it is defined for an open
interval of values of 6.

Theorem. Suppose the mgf is defined for an open interval of values of . Then

m((0) = (;i;r m(0)]p—o = B[X"]

Example. Gamma distribution:

e—AwAnxn—l

, A>0,neN, >0
We denote X with density f as X ~ I'(n, A)
Check f is a density by showing integral over R is 1 (can use reduction I,, = I,,_1)

m(f) = (ﬁ) for A >0

Claim. Suppose that X, ..., X,, are independent r.v’s. Then

m(0) =E [ee(xl+‘..+xn)] _ ﬁE[eeXi]
i=1

Example. Let X ~T'(n,\) and Y ~ T'(m,\) and X 1l Y. Then we can show

A n+m

So by the uniqueness theorem we get X +Y ~ I'(n + m, A).

Equation. In particular, this implies that if X;,..., X, are iid Exp(1) (=T'(1,\)) then

X1+ + X, ~T(n,N)
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Remark. One could also consider I'(cv, A) (@ > 0) by replacing (n — 1)! with

') :/ e 2% tde
0

Example. Normal distribution. Let X ~ N(u,0?)
_ 1 (x —p)?
We can show that
m(0) = efu+o7a? /2

by rewriting the integral in the form of constant times integral over a normal distribution.
If X ~ N(p,0?), then aX + b ~ N(ap + b,a’0?)

So
]E[ee(aX—i-b)] _ ee(au+b)+92a252/2

Suppose X ~ N(p,0%) and Y ~ N(p,72) and X 1L Y
Then X +Y ~ N(u+ v,0% + 72) (we can show this by considering the mgfs)

Example. Cauchy distribution
1

=—F<2€R
w(1l+ x2?) *

f(=)

m(f) = oo V8 # 0, (m(0) =1)

Moral. Suppose X ~ f. Then X,2X,3X,... all have the same mgf.
However they do not have the same distribution.
So assumption on m(6) being finite for an open interval of values of ¢ is essential

3.11 Multivariate Moment Generating Function

Definition. Let X = (X,...,X,,) be a r.v. with values in R”. Then the mgf of X is defined to be
m(9) = Ele® X] = E[e/ X1+ +0nXn]

where
0=6,...,00)"
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Theorem. In this case, provided mgf is finite for a range for values of 6, it uniquely determines the

distribution of X. Also
o"m

|, [Xi]
8r+sm s
T

=0

m(0) = HE[eeiX"] iff X1,...,X,, are indep.
i=1

Definition. Let (X, : n € N) be a sequence of r.v.’s and let X be another r.v.
We say that X,, converges to X in distribution and write X,, 4 x , if

Fx, (z) = Fx(z) Vz € R that are continuity points of Fx

Theorem (Continuity Property for mgf’s). Let X be a r.v. with m(6) < oo for some 6 # 0. suppose
that
M (0) — m(6) V8 € R where m,,(0) = E[e?*"] and m(0) = E[e’¥]

Then X,, converges to X in distribution

Note. This is just saying if the mgf’s of the X,, converge to some mgf then X, 4 x

3.12 Limit Theorems for Sums of iid r.v.’s

Theorem (Weak Law of Large Numbers). Let (X,, : n € R) be a sequence of iid r.v.’s with p =
E[X;] < co. Set

Then Ve > 0

—"—,u‘>6)—>0asn—>oo
n

p(s

Proof (assuming 02 < oo where (02 = Var(X;)).

Sn,
]P’(‘n u‘ >s> =P(|Sp, — nu| > en)

then apply Chebyshev’s inequality

Definition. A sequence (X,) converges to X in probability and we write

P
X, > Xasn—

ife > 0:
P(|X, —X|>¢) >0asn— oo
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Definition. We say (X,) converges to X with probability 1 or ‘almost surely (a.s.)’ if

P(lim Xn:X)zl

n— oo

Note.
P(Ve >0 3dng : | X, — X| <eVn>mny) =1

Intuitively, ‘pretty much all’ events have | X, (w) — X (w)| < & happening after a certain point.
E.g. We can take X, to be 1 if we have had a head after n tosses with our sample space being
the set of sequences of tosses. X (w) = 1.

Claim. Suppose X,, — 0 almost surely as n — co. Then X, Foasn— oo

Proof. NTS:
Ve >0 P(|X,| >e) > 0asn— oo

We do this by considering

An = {1 Xm| < e}

1D

and then considering J A,

Theorem (Strong law of large numbers). Let (X,,)nen be an iid sequence of r.v.’s with p = E[X;] <
0.
Then setting
Sv=X1++X,
we have

Sn
— — g as n — 00 a.s.
n

(P(%—)uasn%oo)zl)

Proof. non-examinable

Equation. Suppose E[X;] = p and Var(X;) = 02 < 00

n n
Su :%—u:Sn—nu
Var(il—u) \/Lﬁ av/n
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3.13 Central limit theorem

Theorem. Let (X,,)nen be an iid sequence of rv.’s with E[X;] = p and Var(X;) = 2. Set

Then

S, —nu /“ eV’ /2
VeeR, P —— <z ) = ®(z) = dy as n — oo
( ovn > (@) —oo V2T v

In other words,

where Z ~ N(0,1)
CLT says that for n large enough:

Sn —np
— "~ =7 Z~N(0,1
e 0.1)

— S, ~nu+ovnZ ~ N(nu,on) for n large

Proof. Consider Y; = (X; — p)/o. Then E[Y;] = 0 and Var(Y;) = 1.
It suffices to prove the CLT when

Sp=X1+ -+ X, with E[X;] =0 and Var(X;) =1
Assume further that 36 > 0 s.t.

E[e?*1] < 0o and E[e~°%] < oo

1+6X; +

m(0) =E [*] =E =

X2 k)
T
k=3

Bound the series appropriately to show that it is o(]0|?) by showing it is O(]0|?)

Then
0N (e
" Ny om "\ n

(m(9>) *}692/2 as n — o0
n

and hence
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3.14 Applications

Example. Normal approximation to the Binomial distribution:
Let S, ~ Bin(n,p)

S = ZXi’ (X;) iid ~ Ber(p) E[S,] = np, Var(S,) = np(1 — p)
i=1

and apply CLT to get
Sp & N(np,np(l — p)) for n large

Bin (n, 2) — Poi(A) A >0

Example. Normal approximation to the Poisson distribution:
Let S, ~ Poi(n).

Sp =3 X;, (X;)iid ~ Poi(1)

I

Il
-

S —
Jn

3

i>N(0,1) as n — 0o

3.15 Sampling Error via the CLT

Example. Pick N individuals at random. Let

.Sy
PN—N

where Sy is the number of yes voters.

How large should N be so that

N 4
v —p| < 100 w.p. > 0.997

Apply CLT to get an approximate normal for Sy and use that
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3.16 Bertrand’s Paradox

Example.

Draw a chord at random.
What is the probability it has length < r?7

Different interpretations of random lead to different answers

3.17 Multidimensional Gaussian r.v.’s

Definition. A r.v. X with values in R is called Gaussian/ normal if
X=p+0Z peR, oe0,00] and Z ~ N(0,1)

The density of X is

V2mo? 202
X ~ N(u,0?)
Definition. Let X = (X3,...,X,,)? with values in R". Then X is a Gaussian vector or is just
called Gaussian if Vu = (uy,...,u,)? € R®

n
uT'X = E u; X; 18 a Gaussian r.v. in R

=1

Example. Suppose X is Gaussian in R™. Suppose A is an m x n matrix and b € R™. Then AX +b
is also Gaussian in R,

Proof. Work with definition and set v = ATw
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Definition.

E[X,]
p=EX]=| : | m=Ex]
E[X.,
V= Var(X) =E[(X - (X — )T = | E(Xi—p)(%—p)] | =| Cov(X:X;)

‘/tL] = COV(Xi7 X])

Equation. We can show that:
Eu® X] = u"p

Var(u? X) = uTVu
so uT' X ~ N(uT p,u Vu)

Claim. V is a non-negative definite matrix (Vu € R", u"Vu > 0)

Proof. Let u € R™. Then
Var(u” X) = uTVu

Since Var(u? X) > 0, we have
WI'Vu>00

Method. Finding mgf of X:
m(\) =E[e* X] VAR, A= (Ay,...

We know
MX ~ NOTp, TV )

s An) T

So m(A) is characterised by p and V. Since the mgf uniquely characterises the distribution, we see
that a Gaussian vector is uniquely characterised by its mean p and variance V.

m(\) = E[eATX] _ eATu+>\TV)\/2

In this case we write X ~ N (p, V)

o1




Claim. Let Zy,...,Z, iild N(0,1) r.v.’s .
Set Z = (Zy,...,Z,)T. Then Z is a Gaussian vector.

Proof. We can show that u7'Z ~ N(0, |u|?) by considering the moment generating of Z.

1
E[Z] =0 Var(Z) = I, =

So Z ~ N(0,1,,)

Method. Let p € R™ and V a non-negative definite matrix.

We want to construct a Gaussian vector with mean p and variance V using Z.

Let V = UTDU where D diagonal (possible as V symmetric). Then we set ¢ = U”+/DU (diagonal
entries in v/D are the root of those in D).

Let Z = (Z,...,%Z,) with (Z;) iid N(0,1) r.v.’s

Set X =pu+0dZ2

Claim. X ~ N(u,V)

Proof. X is Gaussian, since it is a linear transformation of the Gaussian vector Z.
Then we can easily check mean and variance are as desired

Method. Finding density of X ~ N(u,V)
In the case that V' is positive definite:

n [ e=#/2
fx(@) = fz(2) - |J] = H( T ) | det o

=1
— fx(x) =

Subbing in for 2! - z gives:

fx(z) =

1 (- V"' (z—p
V(2m)" det V A (_ )

In the case V is non-negative definite, some eigenvalues could be 0.
By an orthogonal change of basis, we can assume that

V= [(0] 8] where U is an m X m (m < n) positive definite matrix

We can write X = [}V/] where Y has density




Claim. If the X;’s are independent, then V is a diagonal matrix

Proof. Since the X;’s are independent, it follows that Cov(X;, X;) = 0 whenever ¢ # j. So
V is diagonal.

Lemma. Suppose that X is a Gaussian vector. Then if V is a diagonal matrix, then the X;’s are
independent

Proof (1%%). If V is diagonal, then the density fx (z) factorises into a product. Indeed,

@ =W Ve —py = 3 Tt

Hence the X;’s are indep.

Proof (2°9).
m(6) = E[e?" X] = ! #H0TVO/2 = (X 0ini OS2

So m(0) factorises into the mgf’s of Gaussian r.v.’s in R [J

Moral. So for Gaussian vectors we have

(X1,...,X,) are independent iff Cov(X;, X;) = 0 whenever i # j

3.18 Bivariate Gaussian

Definition. n = 2
Let X = (X3, X5) be a Gaussian vector in R?.
Set up = E[Xy], k=1,2. Set 07 = Var(Xy)

COV(X1 y X2)
\/Var(X;)Var(X2)

p = Corr(X,X5) =

Claim. p € [-1,1]

Proof. Immediate from the Cauchy-Schwartz ineq. (Consider definition of Cov)

2
V = Var(X) = [ o1 9012‘72]
pPoO102 25
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Claim. For all o3, > 0 and p € [-1,1]

2
_ |: o7 pPO102

0010 o2 ] is non-negative definite
192 2

Proof. Show uTVu > 0 for all u € R?

Method. Suppose (X7, X5) is a Gaussian vector. We want to find E[X5|X].
Let a € R. Consider X5 — aX;.

COV(X2 — aXl,Xl) = COV(XQ,Xl) — CLCOV(Xl,Xl)
= Cov(X1, Xs) — aVar(X;)
= po103 — (10'%

Take a = (po2)/o1. Then Cov(Xs — aX;,X;) = 0.
Set
Y =X, —aXy

A i1s a Gaussian vector as it is of the form A 24
Y Xo

From the criterion of independence, we get X; is independent of Y, since (X1,Y) is Gaussian and
COV(Xl, Y) =0.
E[X2|X1] = E[Y I aX1|X1] = E[Y] =F CLXl

as Xo = Xo —aX; +aX;. So given Xj,
Xo ~ N(aXy + pus — ap, Var(Xs — aXy))

where
Var(Xs — aX;) = Var(Xs) + a*Var(X;) — 2aCov(X1, X3)
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3.19 Rejection Sampling

Example. Suppose A C [0, 1]%. Define

1l(xz € A)

f) = =4

, |A] = volume of A

Let X have density f. How can we simulate X?
Let (U, )nen be an iid sequence of d-dimensional uniforms, i.e.

Uy = (Uk,n ke {1, 5o ,d})7 (Uk,n)(k,n) iid ~ U[O, 1]
Let N =min{n >1:U, € A}

Claim. Uy ~ f

Proof. We want to show that VB C [0, 1]¢

P(UNEB)Z/ f(X dx

P(Uy € B) :Z (Uv € B,N =n)

AmB|
| Al

|A|2|B|:/A xeB /f

by working out sum




Example. Suppose f is a density on [0, 1]9~! which is bounded, i.e.
IA>0s.t. f(z) < AVze (0,191

Want to sample X ~ f.
Consider
A={(z1,...,29) €[0,1]¢: zg < f(21,...,2a-1)/\}

From the above we know how to generate a uniform random variable on A.
Let Y = (Xy,...,X4) be this r.v.
Set X = (Xl, 500 7Xd—1)

Claim. X ~ f

Proof. We need to show that VB C [0,1]4~!

P(X € B) :/Bf(:zc) i

Have:

(B x [0,1]) N A
|A]

P(X € B) = ]P)((Xl,...,del) € B) = P((Xl,...7Xd) S (B X [0, 1]) ﬂA) =
as Y is uniform on A

|(B><[0,1])0A|:/m/l((a:l,...,xd)eBx[O,I]QA)dxl...dxd

:/~-~/1((m1,...,xd_1)GB)l <xd§ M) dzy ... dzg_1
1

So

Moral. In the case d = 3, imagine surface in 3-D where the z value is the probability. We
are using uniform distributions to sample uniformly within a volume bounded by our surface
which, in turn, gives (x,y) with desired probability.
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