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1 Differential Geometry of curves

1.1 Parametrised Curves and Arc Length

Definition. We say curve C' is regular if [x/(¢)| # 0

Definition. If C is differentiable and regular, say C' is smooth

Remark. Why “regular” condition?
Consider x(t) = (¢2,3). Clearly differentiable but x(¢) has cusp at t = 0.

Note. |x'(0)|=0

N

Equation. if C : t+— z(t), t € [a, b]

iC) = / ' (£)| dt
= ds

).

ds = |x/(¢)| dt

s is the “arc-length element”
Similarly define

b
/C F(0)ds = / Fe() (1) dt




Remark. Suppose C has two different parametrisations:

x=x3(7), a <t <p

Must have x5(7) = x; (t(7)) for some function ¢(7). Assume 4% # 0 so map between t and 7 invertible
and differentiable. Note

From definitions,

/f m—/f (t)| dt

Make substitution ¢ = ¢(7), and assume §- > 0, latter integral becomes

/ Flralr) P 3 47 )| dr

|x2(7')| dr

Which is precisely the same as fc x)ds using xo(7) parametrisation. Similar holds when g—ﬁ <0
(exercise). So definition of [, f(x)ds does not depend on choice of parametrisation of C.

Definition. The arc-length function for a curve [a,b] 3 ¢t — x(t) by

= [ Wmlar

So s(a) = 0 and s(b) = I(c).
Also: g
S /
= = >
P (1) 2 0

Note. For regular curves have 2 > 0, so can invert relationship between s and ¢ to find

t=t(s)




So we can parametrise regular curves wrt arc-length, If we write r(s) = x(¢(s)) where 0 < s < I(C),

then by chain rule:
dt 1

ds  xX(4(s))]
So

Equation.

i.e. [r'(s)| = 1. This (consistently) gives

1) 1)
1C) :/ \r’(s)|ds:/ dsv’
0 0

1.2 Curvature and Torsion

Note. Throughout this section talk about generic regular curve C' parametrised by arc-length, write
s+ r(s)

Definition. Tangent vector
t(s) =1'(s)

Already know [t(s)| = 1. Since |t(s)| doesn’t change, the second dervative r”(s) = t'(s) only measures
change in direction

So intuitively, if |r”/(s)] is large then curve rapidly changes direction, whereas if |r”/(s)| is small, expect
curve to be approximately flat.

Definition. The curvature

r(s) = [ (s)] = [t/(s)]

Equation.
t-t'=0




Definition. The principle normal is defined by the formula
t'(s) = kn

n is the principle normal

Note. n is everywhere normal to C' since

Definition. Can extend {t,n} to orthonormal basis by defining the binormal

b=txn

Since |b| =1 have b’ - b =0. Also sincet-=0and n-b =0

0=(t-b)=t b+t -b
=xn-b+t-b
=0

So b’ is orthogonal to both t and b i.e. it is parallel to n.

Definition. The torsion of a curve is defined by the formula
b = -

7 is the torsion

Remark. Have two equations
t' =kn, b’ = —7n

Prop. The curvature x(s) and torsion 7(s) define a curve up to translation/ orientation.

Proof. Since n = b X t, have two coupled equations:
t' = k(b x t)

b’ = —7(b x t)

This gives six equations for six unknowns.
Given k(s), 7(s), t(0), b(0), can construct t(s), b(s) and hence n = b x t. Hence result [J




1.3 Radius of Curvature

Taylor expand a generic curve s — r(s) about s = 0. Write t = t(0), n = n(0) etc.
1
r(s) =r(0) + sr'(0) + iszr”(()) + o(s?)
1
=r+st+ 552/<;n + o(s?)

Suppose, WLOG, that t is horizontal.
What circle goes through curve tangentially at point r = r(0) is best fit?

O

Equation of circle
x(0) =r+ R(1 — cosf)n + Rsin Ot

Expand for |f| small
x(0) =r + ROt + %Ré)zn + 0(6%)
Arc length on circle is s = Rf. So
x(0) =r+ st + 1132n + o(s%)
2R
To match equation for curve up to second order, would require

1
R=-
K

Definition. We say R(s) = ﬁ is the radius of curvature of curve s — r(s)




2 Coordinates, Differentials + Gradients

2.1 Differentials + First Order Changes

Definition. The differential of f, written df, by

0
df = 5‘1{1‘ du;
Call {du;} differential forms. These are L.I. if {u1, ..., u,} are independent.
Similarly, if x = x(u1, ..., u,) we define
ox
dx = duy;
e 9, U
2.2 Coordinates and Line Elements
Definition. The line element is:
ox ox
dx=—d —d
* 8u1 U1+ 8u2 e

It tells us how small changes in coord produce changes in position vectors.

For polars (r, 6)

where we have used basis vectors {ez, ey}
o — |CO8 0 o — | sin 6
"~ |sinf|> "% 7 | cosf

Warning. {e,,ep} are orthonormal at each (r,6), but NOT the same for each (r,0)

-_ e

Note. As before,

Bx(r0) _ ax(r6)

e, = =
|55x(r,0)|

RGO

Since {e,,ep} are orthogonal, makes sense to call (r,0) orthogonal curvilinear coordinates.




For polars, have line element

ox ox
dx-adr—i-%d@

=e,dr+rdfey
See that a change 0 — 6 + 06 produces a (first order) change

X — X+ rdfey

2.2.1 Orthogonal Curvilinear Coordinates

Definition. We say that (u,v,w) are a set of orthogonal curvilinear coords if the vectors

ox ox ox
= phn o= i e
| 52| |5 Fr

form a right-handed handed basis for each (u,v,w)

Note. Right handed means e, x e, = e,

Notation. It is standard to write

%
ou

8_x
ov

ox

hu: awza_w

7hv:

Definition. Call {h,, hy, hy} scale factors

Note. Line element is

ox ox ox
dx-adu—l—%dv—k%dw

= hye, du + hye, dv + hye,, dw

Tells us how small changes in coordinates “scale-up” to changes in position x




2.2.2 Cylindrical Polar Coords

Definition. Cyclindrical polars (p, ¢, z) defined by:

p COS @
X(ﬂa b, Z) = | psing
z

with:
0<p<@

0<op<2m

—00 < 2z < o0

Find
cos ¢ —sin¢
e, = [sing|, e; | cos¢
0 0

0
e, = |0
1

ho=1, h4 =p, h, =1
dx =dpe, + pdoey +dze,

Note.

X=pe,+ze;

2.2.3 Spherical Polar Coordinates

Definition. Spherical polars (r,6, ¢) defined by:

r cos ¢ sin 6
x(r,0,¢) = |rsin¢gsind
7 cos 6

with:
0<r<o
0<O<nm
0<¢p<2m

10



cos ¢ sin 6 cos ¢ cos 6
e, = [singsinf |, eg = |sin¢cosh
cosf —sinf

—sin¢
ey = | cos¢
0

hr=1, hg =7, hy =rsind

i.e.
dx =dre, +rdfeg+rsinfdpey
Note.
cos ¢sin 6
Xx=r |singsind | =re,
cos 6

Warning. STILL DEPENDENT ON ¢, 0 AS e, DEPENDS ON ¢, §

2.3 Gradient Operator

Definition. For f: R? — R, define gradient of f, written V f, by

f(x+h) = f(x)+ Vf(x) -h+o(h) )

Definition. Directional derivative of f in direction v, denoted by Dy f or g—f/, is defined by

of . flxttv) -~ Fx)
ov  t—0 t

Le.
fx+1tv) = f(x) + Dy f(x) + o(t) (**)

Equation. Setting h = tv in (*)
fx+tv) = f(x) +tVf(x)-v+o(t)
Comparing to previous equation (**), we have:

of _

ov v-Vf

Note. By Cauchy-Schwarz know that a-b is maximised when a points in same direction as b.

So V f points in direction of greatest increase of f
Similarly,
—V f points in direction of greatest decrease of f

11



Equation. Suppose we have a curve t — x(t).
Write
F(t) = f(x(t))

drr  d dx
S = I 0) = T - V()

2.4 Computing the gradient

~

Equation.
of
g
vf= |
of
Bz
Equation.

Vf-dx=df

How does f change as we move along this curve.

Note. Coordinate independent statement!

Prop. If (u,v,w) are O.C.C and f = f(u,v,w),

1 0f 1 0f 1 of
V= hy, 8ueu * hy ﬁvev * hy aue“’

Proof. Use above equation and linear independence of {du, dv, dw}

Equation. In cyclindrical polars (p, ¢, 2), h, =1, hy =p, h. =1

of  _19f  of
Vf= 6,0 +—% +a—

Equation. In spherical polars (7,6, ¢), h, =1, hg =r, hg =rsinf,

of 18f 1 of

VIi=% or R r96° rsin@%ed’

12



3 Integration over lines, surfaces and volumes

3.1 Line Integrals

Definition. For a vector field F = F(x) and piecewise smooth parametrised curve

C :[a,b] 5t — x(t)

/CF-dx:/abF(x(t))-c(li—);dt

We define line integral

x(b)

x(a)

Definition. We say a curve
[a,b] >t — x(¢)

]{F-dx
c

Sometimes call integrals of this form the circulation of F about C'

is closed if x(a) = x(b).
In this case, write

3.2 Conservative Forces and Exact Differentials

We've seen how to interpret things like F - dx when they’re inside an integral. This is another
differential form i.e. in coords (u,v,w)

F.dx = ()du+ ()dv+ ( )dw

Definition. We say that F - dx is exact if
F.dx=df

for some scalar f. Recall that
df =Vf. dx

So F - dx is exact iff F = V f for some scalar f. Call such vector fields conservative.

Claim. So we have
F -dx is exact <= F is conservative.

Remark. Using properties d(af + 8g) = adf + 8dg (a, §) constant, d(fg) = gdf + fdg ete. usually
easy to see if form F - dx is exact

13



Prop. If 6 is exact differential form then

$o-0
c

Proof. By previous, if f exact, then § = V f-dx for some scalar f. Then substitute in integral,
spot derivative and use FTC

for any closed curve C

Note. Equivalently, if F is conservative then circulation of F around any closed loop curve C'

vanishes
?{ F.-dx=0
c

Prop. If F conservative (F - dx exact), then line integral between points A = x(a) and B = x(b) is
independent of path
j{ F-dx=0
c

<:>/ F~dx:/ F.dx
Cl Cz

Proof. If C = Cy — Oy,

Claim. Let (ug,us9,us) = (u,v,w) be set of OCC. Let

F.-dx=0= A(u,v,w)du + B(u,v,w) dv + C(u, v, w) dw
= 91 dul
A necessary condition for 6 to be exact is

80; 00,
87.1,]' B (9’(1,1

each 1, j (t

~—

Proof. Indeed, if  exact, then 8 = df which we can use to show the result

Definition. Call differential forms 6 = 6, that obey (}) closed. So

0 exact =— 0 closed

Note. The reverse implication is true if the domain  C R3 on which 6 is defined is simply-connected.




3.3 Integration in R?

Method. If f(z,y) = g(x)h(y) and D is a rectangle

D={(wy):a<c<b c<y<d

IRCYLIE ( / " @) d:c) ( /  hw) dy>

Then

Method. Often useful to introduce change of variables to compute

/abf(x)dx

If we introduce z = z(u) with z(«) = a and x(8) = b then:

/abf(x)dw=

If I =[a,b] and I' = z(I)

+ [P few) & du (8> a, & >0)

—fﬁa f(:r(u))g—i du (a > 8, g_i <0)

dx

Tu du

/ f@)dr= [ fle)
I I’

Note. Similar formula in 2D

Prop. Let © = z(u,v) and y = y(u,v) be a smooth, invertible transformation with smooth inverse
that maps the region D’ in the (u,v) plane to the region D in the (z,y)-plane. Write x = z(u,v),

then
J[ reasay= [ fatw),vwo) \ggjy;\ dudu
Where o(e.y) P e
z,y) Ju ool @R || @
A= |B &)= |7 5]

is the Jacobian, often denoted by J. Short version is dzdy = |J|dudv

Equation.
dzdy = |J|dudv

Example.
dedy = pdpdo

15



3.4 Integration in R?

Method. to integrate over regions V in R3, use similar ideas to those in section 3.3. Let

| regav = i 3 o) B

In this case the volume element satisfies

dV =daxdydz

Note. Can do integrals in any order.

Prop. Let z = z(u,v,w), y = y(u,v,w), z = z(u,v,w) be a continuously differentiable bijection
with continuously differentiable inverse that maps the volume V' to the volume V.

///V flz,y,z)dedydz = ///V fz(u, v, w), y(u, v, w), 2(u,v,w))|J| dudv dw

Where a( ) el Bl
z,Y, 2 x| Ox| 0x
7= g =det | 5| | 7w
and
x(u, v, w)
X= .
z(u, v, w)

Short version:
dzdydz = |J| dudv dw

Example. Find in cylindrical polars (u, v, w) = (p, ¢, 2)
dV = pdpdedz
lJl=p
In spherical polars (u,v,w) = (r,6, @)
dV =r?sinfdrdf de

|J| = r2sin6

3.5 Integration over surfaces

Remark. A two dimensional in R can be defined implicitly using a function f : R® — R
S ={xeR®: f(x) =0}

Normal to S at x is parallel to V f(x).
Call surface regular if Vf(x) # 0 for x € S

16



Example. Some surfaces have a boundary, e.g.
S={(x,y,2): 2> +v*+2° =1, 2> 0}

Label the boundary by 0.5
08 = {(x,y,2) : x> +y*> =1, 2 =0}

In this course, a surface S will either have no boundary (9S = @), or it will have boundary made of
piecewise smooth curves. If S has no boundary, say S is a closed surface.

Moral. It is often useful to parametrise a surface using some coordinates (u,v)
S = {x =x(u,v), (u,v) € D}

D some region in (u,v)-plane

Definition. Call parametrisation of S regular if

ox O0Ox
— X —#0on S
ou Ov
In this case, we can define normal
ox o Ox
__ _Ou v
n— —— ——
ox o Ox
ou v

Note. This normal will vary smoothly wrt (u,v).
Choosing a normal consistently over S gives us a way of orientating the boundary 0S: make the
convention that normal vectors in your immediate vicinity should be on your left as you traverse 9.5

Definition. This leads us to define the scalar area element and vector area element

ds = | 2% & ~ | dudv
8u
ox 0Ox
ds = 0 X 8—dudv ndS
Equation. Gives area of S:
area(s) = | ds = ax P dudv
and 5 5
x x
/Sde— //Df(x(u,v)) ‘% X 55 dudv

17




Example. Suppose velocity of fluid is written u = u(x). Given S, how to calculate how much fluid
passes through it per unit time? On small patch 4.5 on S, fluid passing through would be (u - §S)dt
in time 0¢. So amount of fluid that passes over S in 9t is

5t/u-dS
S

This is the rate at which fluid passes through surface S times dt.
Called “flux” integrals.

Are these surface integrals dependant on choice of parametrisation of S?7 ~
Let x = x(u,v) and x = X(1, ¥) be two different parametrisations of S with (u,v) € D and (@, 9) € D.

Must have relationship
x(u, v) = x((a(u, v), v(u,v))

ox 0Ox oxou 0x0v oxou 0xO0v

wxm:<%%+aam)x<%%+mm>
Oudv Ovdu/) ou Ov
a(a,v) 0x 9%

~ 9(u,v) 04 * %

18




4 Divergence, Curl and Laplacians

4.1 Definitions

Seen gradient operator V, acts on functions f : R — R. In Cartesians,

0
V—ei%

Definition. For a vector field F : R? — R3, define divergence of F by

div(F) =V -F
Equation. So in Cartesians,
OF;
V-F =
8.171'

(can show)

Note. Divergence of a vector field is a scalar field.

Definition. For a vector field F : R?® — R3, define curl of F by

curl(F) =V x F

Equation. So in Cartesians
OFy,
VXxF = (5ijk 3_1']) €e;
So in Cartesians,

0
[V X F]l = eijk(?Tij

Note. Curl of vector field is another vector field. In terms of a “formal” determinant
€] €9 €3
6] 6] 6]
V xF = det GETL Dig 3_903
F, Fy, I3

19



Definition. For scalar field f : R? — R, define Laplacian of f
V2f =V Vf (= div(grad f))

In Cartesians, [V f] = ax , SO

0% f

2p

Prop. For f, g scalar fields, F, G vector fields

V(fg)=(VHg+ (Vo) f
V- (fF)=(Vf)-F+ f(V F)
Vx (fF)=(Vf)xF+ f(VxF)
VF-G)=Fx(VxG)+Gx (VxF)+(F-V)G+ (G:-V)F
Vx(FxG)=F\V-G)—-G(V-F)+(G-V)F — (F-V)G
V.- FxG)=(VxF)-G-F - (VxG)
Proof
Note

(F-9)Gl: = (Fp0-) G,

0G;
= .
J 8:1:j

Proofs are just algebra

Remark. These identities hold in ANY OCC, but are most easily established using Cartesians

Equation. For general OCC, divergence defined by same formula V - F i.e.

1 0 1 8 1 0

20




Remark. Gets quite messy as {e,, e,, e, } will depend on (u,v,w). Just state results:

V.F= huhlvhw [a% (hohwFy) + % (huhwF)) + % (huhqu)}
1 huaeu hvaev hwaew
V X F = e det h%u hf_%‘v hj_lju:‘w
AND 9 1 0 [ hyhy Of 0 ([ hyhy Of 0 [ hyhy, Of
V= Rk, [a( » a) T <h—a_) " ow (Wa—w)]
Since of
[V flu . 9u et

Example. In cylindrical polars (p, ¢, z),

(hpa h¢7 hz) = (17p7 1)
So

2op 10 (OF\ 10  9f
vf_pap Pop ) T 2097 T B22

Definition.
V2F =V(V-F)-V x(VxF)

4.2 Relations between div, grad and curl

Prop. For a scalar field f and a vector field F
VxVf=0

V. (VxF)=0

i.e. curl - grad =0, div - curl =0

Proof. Algebra

Note. Recall F was conservative if F = V f.

Definition. Say F is irrotational if
VXxF=0

21



Remark. So from proposition
F conservative =— F irrotational

Reverse implication is true if domain of F is simply connected (or “l1-connected”)
e.g. R3 is 1-connected byt R3\{z-axis} is not 1-connected

Remark. Similarly, if there exists a vector potential for F i.e.
F=VxA

then
V-F=0

Here A is called the vector potential for F

Definition. When V - F = 0, say that F is solenoidal

Remark. So existence of vector potential for F — F solenoidal
Reverse implication is true if domain of F is 2-connected.

Definition. Say 2 C R? is 2-connected if it is 1-connected and every sphere in {2 can be continuously

shrunk to any point in §2

Example. R? is 2-connected. R?\{0} is 1-connected, but not 2-connected

A

v

get stuck trying to get passed origin

22




5 Integral Theorems

5.1 Greens Theorem: Statement and Examples

Proof. Proved later through other integral theorems

23



Note. It is easy to establish this result for

A={(z,y):a<z<bc<y<d}

/Cd (/{lbg—gdl) dy—/j( j%—jdy) dx

d b

Q(,9) — Qla,y)]dy + / [P(z,c) - P(z,d)] dz

a

In this case, RHS is

SO— T—

= Pdz+ Qdy
A
dy =0
y=d
r=a A xr =
dy =0
y=c

5.2 Stoke’s Theorem: Statement and Examples

Theorem. If F = F(x) is a continuously differentiable vector field and S is an orientable, piece-wise
regular surface with piecewise smooth boundary 0.S then

/S(VXF)~dS:j£DF~dx

Note. Generalisation of FTC

Remark. The “orientable” bit means there’s a consistent choice of normal vector at each point of S.
I.e. S has “two sides”.

Example. If S is an orientable, closed surface and F is continuously differentiable then

/VxF~dS=0
s

24



Prop. If F is continuously differentiable and for every loop C

?{F-dx:O
@

then V x F = 0. So F irrotational <= F has zero circulation any closed loop.

Proof. Assume result is false i.e. 3 unit vector is such that

k-V x F(Xo) >0
—_—————

&
for some x = xg.

By continuity, for 6 > 0, sufficiently small so that, by continuity

1
k~V><F(x)>§£for |x — x| <9

Take loop in this ball {x : |x —x¢| < ¢} that lies entirely in a plane with normal k

A
k

Then:

O:j{ F-dx
oS

z/VxF-de
s

1

> 0X

25




5.3 Divergence Theorem: Statement and Examples (Gauss’ Theorem)

Theorem. If F = F(x) is continuously differentiable vector field and V is a volume with piecewise

regular boundary 9V then
/V~FdV=/ F.dS
v v

where normal to dV points OUT of V'

Prop. If F = F(x) is continuously differentiable and D C R? is a planar region with piecewise sooth

boundary 0D then
/ V'FdA:j{ F -ndx
D oD

(s arc-length)
again n points OUT of D.

Prop. If F = F(x) is continuously differentiable and for every closed surface S
/ F-dS=0
S

Proof. Suppose result is false. So V - F =& > 0. By continuity, for § > 0 sufficiently small

then V.F =0

1
VF(X)>§€
|x —xo| < ¢

Choose a volume V inside ball [x — xg| < §. Then by assumption

0:/ F-dS:/V-FdV>16/ dV > 0%
v % 2 Jv

Conclude that if vector field F has zero net flux through any closed surface then it is solenoidal
(V-F=0)0O

26



Example. Many equations in mathematical physics can be written in the form

Jdp .
E—FV-J—O (1)

Call these CONSERVATION LAWS.
Suppose both p and |J| decrease rapidly as |x| — co. (p = (p(x,t), J = J(x,t). Define charge:

Q:/Rsp(xat)dv

We have conservation of charge:

dQ ap
E—‘/Rgadv

== V.-JdVv
R3
= — lim V.-Jdv
R—o0 |X|SR
= — lim J-dS
R—00 |x|=R

=0

as |J| — 0 rapidly as |x| — oo
So (1) gives “conservation of charge”
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5.4 Sketch Proofs

Prop. The divergence theorem is true

Proof. Suppose first that

F=F.(z,y,2)e,
Then divergence thm says

% dV = F.e, -dS
v 0z oV
z
8V = S+ US,
_—Sy
n ~g_
/ : : — 7
X
We write:
X
St ={x(z,y) = Yy , (z,y) € A}
9+(z,9y)
Then

0

s= ]
dV =
v 0z A

= //A [F.(x,y, 94)2,y) — Fo(x,y,9-(x,y))] dedy

To calculate RHS of () over Sy

9+(=Y) o
/ £ dz
g

dz dy
(ay) 07

_657_1
o 5X (9X ang:
dS—£X8—ydmdy -5 dx dy
1
Since we want n to point OUT of V', on S, we have
_ 99+
S5
dS|g, ==+ — 5 | dzdy
1
= F.dS= / +/ F.e, - dS
v Sy _

://AFz(x,y,g_,_(x,y))dxdy—//AFz(xvyag—(va/))dxdy
OF

= Zdv
v 82’
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Prop (cont.).

Proof (cont.). So (T) holds. In exactly the same way

OFy dV = F,e, - dS
v Oz v

OF, /
—=dV = F,e, - dS
v Oy 1) v

Adding these three together

/ OF,  OF, + OF,
v Oz Jy 0z

dV = / Fye, + Fye, + F.e, - dS
av

which is the divergence thm [J
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Prop. Div thm = Green’s thm

Proof. Use 2D div thm with F = [_QP] . Then

// (a_cg_a_z;) d:rdyz/AV~FdA=7({9AF~xds

If 0A is parametrised wrt arc length, so unit tangent vector is

=[]

Then the normal vector must be

And so
_|l@ y'(s)
F-nds= [—P] . [—x’(s)} ds
=P as 1@
= de+Qdy
i.e.

[ (5 5) tu= g Foxes
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Prop. Green’s thm = Stoke’s thm

Proof. Consider regular surface
S ={x=x(u,v) : (u,v) € A}

Then the boundary is
08 = {x =x(u,v) : (u,v) € A}

fg Pdu+de—// <8Q 61;)(1 dv

Green’s thm gives

Make choices

P(e,y) = F(x(u,0) -
Qe ) = F(x(u,0)) - S
Then
Pdu+ Qdv="F(x(u,v)) - (g—z du + ?9_); dv)
= F(x(u,v)) - dx(u,v)
And so

Pdu—l—de:]{ F . dx

0A aS
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Prop (cont.).

Proof (cont.). For the other side of Stokes’

8_@ . %8& ox; L F 0%z;
ou  Ou Oz Ov * Ovdu

ov v dx; Ou " Oudv

So:

ov Ou ou Ov
. OF; 0xy, O0x4
- (51176.7‘1 - quéjﬁ)axj 8’(} au
OF; 0xp, O0x4
~ CikCrdk G 5y e
J

0Q 0P _ (0v05; w01, OF,
ou o 0x;j

So

/A(g‘%) dudv:/A(VxF)(%x%

This is Stokes’ theorem. [
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6 Maxwell’s Equations

6.1 Brief Introduction to Electromagnetism

Notation. Denote by
B = B(x,1)

the magnetic field and
E = E(x,t)

electric field. These fields will depend on charge density
p=p(x,t)

(electric charge per unit volume) and on current density

The constants g9 and pg are the permittivity and permeability of free space, which obey

— =c
Ho€o

where ¢ = 299, 792, 458 ms ™~ is the speed of light.

J=J(x,t)
(electric current per unit area)
Equation.
p
V-E=~2 1
- (1)
V-B=0 (2)
0B
VXE+—=0 3
xE+— (3)
OE
VxB-— No%a = pod (4)

Method. If we take div of (4), using V-V x B = 0 and then using (1):

dp
E—FV'J—O

conservation law.
This gives rise to conservation of charge
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6.2 Integral Formulations

Method. Integrating (1) over volume V and using divergence theorem,

/ E-dSzi/pdVEQ
v €o Jv €0

where @ is the “total charge in V”
This is called Gauss’ Law.

Method. For magnetic fields, (2) gives
B-dS=0
2%

There is no net magnetic flux over any closed surface OV.

KR

i.e. there are no magnetic monopoles

B

Method. Integrating (3) over surface S and use Stoke’s theorem

%E.dx:_ 8_B.ds:_i/3.ds
95 g Ot dt /g

A\ 4 v v
The CHANGE in magnetic flux through S induces circulation in E about 95
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Method. Integrate (4) over S and use Stokes

% B-dX:p,o/J-dS-f—,uoEoi/E-dS
a8 s dt Js

6.3 Electromagnetic Waves

Equation. In Empty space, p = 0,J =0, so (1) to (4) become

V-E=0 (1)
V-B=0 (2)
0B
E — =
V xE+ 5 0 (3)
OE
B - — = 4
V x HoEo ot 0 ( )
Equation. Using (1), (3), (4) and
Ho€o = &2
we get
1 0°E
2E _ - = _
v 2 ot?

(this is the wave equation in 3-D) So in vacuum, electric field travel at speed c.

Equation. Similarly, using (2), (3), (4)

10°B

2
B == =
v c2 Ot?

So electromagnetic waves always travel at speed ¢ in a vacuum
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6.4 Electrostatics + Magnetostatics

Equation. Suppose all fields and source terms are independent of ¢. Then Maxwell’s equations
decouple

VxE=0

V-B=0
(B) _
VXB—,U,()J

(A){V'E:P/Eo

If we are working on all of R? (which is 2-connected), then V x E = 0 and V - B = 0 implies
E=-V¢, B=VxA

Call ¢ the electric potential and A the magnetic potential.
Maxwell’s equations (A) and (B) become

v2p=L
€0

VX(VXA)ZM()J

The first is called Poisson’s equation, see section 7
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7 Poisson’s and Laplace Equations

7.1 The Boundary Value Problem

Remark. Many problems in mathematical physics can be reduced to the form
Vip=F

Called Poisson’s Equation, or if F' = 0, call it Laplace’s equation. We solve this equation on Q = R™
or Q CR" n=23.

Physical problems involve boundary conditions,

i.e. ¢ will have prescribed behaviour on 92 (or as |z| — oo if @ = R™).

Example. The Dirichlet problem is

Vip=FinQ
w = f on 0N
Example. The Neumann problem is
Vip=FinQ
%ﬁ = g on 0f)
where we have the normal derivative
on 14

Must interpret boundary conditions in an appropriate manner: we assume that ¢ (or %&) approaches
the boundary data f (or g) continuously as x — 0Q. That is to say, we assume ¢ and V¢ are
continuous on 2 U 0f.

Example. General spherically symmetric solution for Dirichlet problem:

B
80(7")=A+7

MUST have B = 0 or else ¢ not well-defined throughout Q = {r < a}

Remark. Want solutions to be unique (or very almost unique)
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Method. Consider generic linear problem

Lo =F in Q)
- (1)
By = f on 092
where L, B linear differential operators.
If 1 and @5 both solve (1), consider ) = ¢1 — 2. By linearity
L1 =01in Q
_ (t11)
B =0 on 02

If we can show that the ONLY solution to (1{1) is ¥ = 0, must conclude that p; = @9, i.e. solution
to (17) is unique.

Moral. The solution to a linear problem is unique iff the only solution to the homogenous problem
is the zero solution

Prop. The solution of the Dirichlet problem is unique.
The solution to the Neumann problem is unique up ot the addition of a constant.

Proof. Let ¢ = p1 — g be the difference of two solutions to Dirichlet or Neumann problem.
SO

V2 =0in Q
B =0 on 052

where By = 1 (Dirichlet) or By = g% (Neumann)
Consider the non-negative functional:

Ii] = /Q VP dV =0

Clearly I[¢)] = 0 if and only if Vi) =0 in Q.
Note:

o
I[Y] = —ds
W= v
=0

using

dS = ndS, n-Vw:g—qﬁ

Since ¢ = 0 on 02 (Dirichlet) or g—ﬁ = 0 on 09 (Neumann). Conclude that Vi) = 0 throughout
) = 1 = const. throughout 2.
(i) For Dirichlet, 1 = 0 on 912, so by continuity of ¢ on QU must have ¢ = 0 everywhere.
So solution to Dirichlet problem is unique.
(ii) From Neumann, only know j—ﬁ = 0 on boundary so can’t say any more, so since ¢ =
const. deduce that

1 = @2 + const.

Any two solutions differ only by a constant. [J
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7.2 Gauss’ Flux Method

Method. Suppose source term F' is spherically symmetric, ie. F' = F(r), where r = |x|. Write our
problem as:
V.-V =F(r) (*)

and assume 2 = R®. Since RHS only depends on 7, same is true of LHS. So assume that ¢ = (1),
in which case

Vo =¢/(r)er
Integrating (*) over region |x| < R, and use divergence theorem
/ V- -VepdV = V- dS = F(r)dV
[x|<R [x|=R |x|<R

The RHS represents the amount of, e.g. mass, inside ball of radius R > 0. Set

/ FdV = Q(R)
|x|<R

where Q(R) is “the amount of stuff inside ball |x| < R”
So our equation is

/ Ve dS = Q(R)
|x|=R

Recall that on sphere of radius R
dS = e, R?sinfdf d¢

So on |x| = R:

Vo dS = ¢/'(r)e, - (e, R*sinfdfde) =/ (R)dS
—_——
ds |x|=R
So
an= [ Jmas=¢m [ s
Ix|<R Ix|<R
47 R?
In summary
Q(R)
/ _
©'(R) = R VR >0
_ QR
= V= 472 er
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Method. What if our problem is symmetric about the z-axis i.e.
Vio=F(p) p° =2 +¢°
Have “cylindrical symmetry”. Integrate
V- Vo = F(p)

over cylinder of radius R, height a.
Assuming ¢ = ¢(p), have
Vo = ¢'(p)e, (cylindrical polars)

/ V. VedV = / Flp)dV
1% 1%
where V is cylinder

LHS = 2naRy'(R)
using Div Thm. So

dB) =55z | POV

By evaluating the integral and rearranging, we get

Equation.

7.3 Superposition Principle

Remark. Linear problems are relatively easy because of the following: if we have
Ly, =F,n=1,23,...
then
L{Z o) =St
n n
We can superimpose solutions. Can often break up forcing term F' =) F),, solve each problem
Li/)n =F,

To get solution to Ly = F, write ¢ = >y,
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Example. Consider electric potential due to pair of point charges Q, at x = a, @y at x = b. Charge
density would be

p(x) = Qad(x — a) + Qud(x — b)

For one point charge, electric potential obeys

-V = %5(x —a)
€0

Solution would be

Qa 1

e |x — a

$(x)

So by superposition principle, electric potential due to point charges at x = a and x = b is

Qa 1 Qa 1

~ 4reg |x —al  4weg |x — b|

P(x)

Example. Counsider electric potential outside ball of radius |x| < R of uniform charge density po,
that has several balls removed from its interior

x—a;|<R;i=1,...,N

la;| + R; < R, |a; —a;| > R; + R; for each i, j

Use superposition principle: represent each hole to be a ball of uniform charge density —pg.
Effective potential in |x| > R from each hole is

using

by superposition principle
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7.4 Integral Solutions

Prop. Assume F — 0 rapidly as |x| — oo. The unique solution to the Dirichlet problem

V2¢p = F(x) for x € R?
lp] = 0 as |x| = oo

is given by

o) =—~ [ FO) qy)

dr rs [X — Yl

Proof. Certainly have
11
v? ( ) =0(x)x#0

_E@

as 1/|x| a solution to Laplace’s equation. If we assume divergence thm works with delta
function, on any ball x| < R

L™ )= [ ()

= —A4r

By evaluating integral. So for any R > 0

/ V2 (—11> delz/ §(x)dV
Ix|<R 4 [x| Ix|<R

EORE

We conclude

so proposition follows.

Remark. This result is another way of saying
11
Vi -——=|=¢
() =0
Since by differentiating under integral sign

(- Ear) - o () v

= /RS F(y)é(x —y)dV(y)
= F(x)
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7.5 Harmonic Functions

equation:
VZp =0

Solutions to Laplace’s equation are called harmonic functions

Definition. When the forcing term in Poisson’s equation is identically zero, we call it Laplace’s

()

Prop. If ¢ harmonic on 2 C R3, then

e L

for a € Q2 and r sufficiently small.

Q

Proof. Let F(r) denote RHS of (*). Then

1

=IIA .
= — pla+re,.)r<sinfdf| do
dmr? Jy—o [Jo=o ( )

2 ™
L [/ cp(a+rer)sin9d9] do
0

4w =0 LJo=0

Computing F’(r), using
d
—op(a+re.) =e.-Vo(at+re,)

dr
y B 1 2w T .
F'(r) = T e.-Vo(a+re,)r sinfdfde
Amr? Jy—0 Jo=o

1

= I /|x|_r Velax) dS
1

 A4nr2 /|x—a|=7“ TApe

- / Vipadv

T 4qr? x—a|<r v

=0

So F(r) is constant and result follows by taking r» — 0. O
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Moral. Can use central idea in this proof to examine what the Laplacian helps us measure

Prop. For any smooth ¢ : R? — R

V2 a=limE ! x)dS — p(a
o(a) [ [ ee9as e

r—0 r2 | 47r2

In particular, if ¢ satisfies the MVP then it is harmonic.

Proof. Consider function G(r) defined by

_ 1
T 4qr?

G = gz [ o35 (@)

So G measures extent to which ¢ differs from its average. we have from previous proof

G'(r)=F'(r)= : / VZpdV
|x—a|<r

A2

Obviously, this vanishes if ¢ harmonic. Note
/ V2p(x)dV = Vzgp(a)/ dv + / (V2p(x) — V2p(a)dV
|x—a|<r |[x—a|<r |x—a|<r
4
= S 1Vp(a) +o(r®) (r = 0)
So
G'(r) = 5V%¢(a) + ofr) (r = 0)
Compare this with Taylor expansion
G'(r) = G'(0) + rG"(0) + o(r) (r — 0)

we deduce: .
G'(0) =0, G"(0) = 3V%(a)

So

G(r) = G(0) +r G'(0) —&—ﬁG"(O) + o(r?)
= S ?

= %V2<p(a)r2 +o(r?) (r = 0)

= V?p(a) = lim [—G(T)] = result O

r—0

44




Prop. If ¢ is harmonic on 2 C R3 then it cannot have a maximum at any interior point of { unless
 is constant.

Proof. Suppose a € () is such that
p(a) > p(x)

for all x € . So certainly
pla)>px)on0< |x—al<e

for some £ > 0. But by mean value thm

oo =g [ eGds

i.e.

1 /
== pla) - p(x) dS
4re? |x—a|=¢ T

Consider that ¢(x) = ¢(a). Apply same argument to

x—al=¢"<¢

Deduce p(x) =p(a) on [x —a] < e

Introduce bunch of overlapping balls such that the centre of the (n + 1)th ball is contained
inside the nth.

Everywhere inside 1% ball, have ¢(x) = ¢(a).

In particular, on center of second ball have p(x) = ¢(a).

Using previous argument get ¢(x) = ¢(a) throughout second ball. Carry on until you get to
y. Find p(y) = ¢(a) i.e. ¢ constant. O]
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Note. Comes from considering maximum of ¢ on Q U 09
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8 Cartesian Tensors

[ Remark. Throughout this section we deal solely with Cartesian coordinate systems

8.1 A Closer Look at Vectors

Moral. If we transform fom {e;} to {e;} then the components of a vector v transform as
v; = Rijv;

where R;; = €] - e; are components of a rotation matrix. Call objects whose components transform
in this way rank 1 tensors, or vectors.

8.2 A Closer Look at Scalars

Moral. objects that transform as
o =0

when we change from {e;} to {e}} are called scalars, or rank 0 tensors.

8.3 Cartesian Tensors of Rank n

Definition. An object whose components T;j .. transform (when we go from {e;} to {e}) ac-
——

n indices
cording to
n Rs

—_——
/
ij...k = Ripqu e RkT qu“.,,.

is called a (Cartesian) tensor of rank n.

Here
— o . a.
Rij=e;- e
are components of rotation matrix, so
RipRjp = ‘5i3
Example. If u;,vg,...,w, are components of n vectors, then

Tij.“k = UVj ... Wk

define components of a tensor of rank n
(can check)
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Example. Kronecker delta is defined without reference to any basis via
dij = ! 1fz D j
0 ifisjy

Ripqu‘Spq = RipRjp = 5ij

So d;; = d;; by definition. But note

So we have
52;‘ = RipRjq0pq

i.e. 0;; is a rank 2 tensor.

Example. The Levi Civita symbol is defined without reference to any basis

1 if (i j k) is an even perm of (1 2 3)
gijk = 3 —1 if (¢ j k) is an odd perm of (1 2 3)

0 otherwise
By definition, &}, = ;. But
RipquRkTEqu = det(R)Eijk
= Eijk

So we have
/ —_—
€ijk = RipRjgRirepgr

So €1, is a tensor of rank 3.

Definition. If A;; ; and B;;_j are n-th rank tensors, define
(A+ B)ij..k = Asj..x + Bij..x
This is also n-th rank tensor, If « is a scalar then
(@A)ij..x = @Aij. .k

is an n-th rank tensor.
We define the tensor product of an m-th rank tensor U;;. ; and a an n-th rank tensor V,, ., by

(U ® V)ij...k:pq.,,r = ij..‘k‘V;)q...'r

where
ij...k pg...r
S—— Y—

m indices n indices
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Claim. This is a tensor of rank n + m.

Proof.

U’L/j‘/p/ =Ry ... ijUa...bRpc s qu%...d
=Riq...RjpRpc ... Rga Ua. Ve a
———

n+m terms UBV),.. be...a

q

Method. Given n-th rank tensor Tj;i..q4 m > 2, we can define tensor of rank n — 2 by contracting
on pair of indices. For instance, contracting on ¢ and j is defined by

0iLijk...a = Tiik...d

Note.

/
iik...d — RipRiq Ry ... Rlsqur...s
——

6?‘1

= qu 000 RlsTppr...s

So Ti;r...q transforms as tensor of rank n — 2

Definition. Say T;;  is symmetric in (¢, j) if
Tt = s i

(can check this is well-defined i.e. regardless of basis)
Similarly, we say A;; i is anti-symmetric in (7, j) if

Ay o= =Ays p

Say a tensor is totally (anti-)symmetric if it is (anti-)symmetric in every pair of indices.

Example. Tensors d;; and a;a;ay are both totally symmetric.
€ijk 1s a totally anti-symmetric tensor.
In fact, the only totally anti-symmetric tensor on R? of rank n = 3 is proportional to €ijk, and there
are no non-zero high rank ones. Indeed, if Tj; 1 totally anti-symmetric of rank n, then Tj; ; = 0 if
any two indices are the same

Too = —Too x = T2 =0

So by pigeonhole principle, there will always be two or more matching indices if n > 3. If n = 3,
there are only 3! = 6 non-zero components. If

T3 = To31 = T312 = A

Tp13 =T301 = Ti3p = —A
Thus Tijk = )\Ez‘jk
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8.4 Tensor Calculus

Remark. “vector field” gives vector v(x) for x € R?
“scalar field” gives scalar p(x) for x € R?
A tensor field of rank n, T;;. r(x), gives an n-th rank tensor at each x € R3.

Equation. Recall
.T; = Rijﬂij — Tj = RZ]J};

Differentiating RHS wrt x,

0z o]
ax;c - Rzg(?_:v;C - Rz](szk - Rk]
So by chain rule
O Gy 6 . 9
oz’ - 8:1@; a.’L‘j - 8.’17j

“% transforms like a rank 1 tensor”
K2

Prop. If T;. ;(x) is tensor field of rank n then

( g ) <i> T;. j(x) = tensor field of rank n + m

A, Oz

~~
m terms

Proof. Label LHS by A, 4i...; and do the algebra

Example. If ¢ = ¢(x) scalar field then

_ ¢
- 8:1:1

[Vels

So Vi is rank 04+ 1 = 1 tensor field, i.e. a vector field.

Example. For vector field v have divergence

. 81),»

V-v oz,

can check that V - v is scalar field.

Example. If v vector field, consider curl V x v. Then

8vk

[V X V]i = Eijk%j

can check that V x v is vector field.
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Prop. For tensor field T5;. k.. 1(x):

. /
—Ti k... dV = Tii k... ng dS
/“/83% J...k...l v g...k...lTVE

Proof. Apply divergence theorem to

Vg = aibj...clTij k...l

where a;, b;, ..., ¢ are components of constant vector fields. So by div theorem

% dV = asb; ... Cl/ Tij. k..ani dS
v 8.13k oV

Result now follows because the constant vector fields a, b, ¢ were arbitrary.
E.g. if we wanted to check (f) when all free indices 4, j,...,l were = 1

aizéﬂ, bj:5j1, 000 clzéll

Similar idea for other choice of free indices. [

8.5 Rank 2 Tensors

Remark. Observe for rank 2 tensor 7;;

Tij = %(Tij + Tji) + %(Tz‘j = Tj)
= Sij + Ayj
which is symmetric + anti-symmetric
x k% 0 * =
* ok 0 =

* 0

6 indep components 3 indep components

of some vector (3 indep components).

This is good since 3 + 6 = 9. Intuitively, seems like info contained in A;; caould be written in terms
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Proof. We can identify (from earlier)
1
Sij = §(Tij + Tjs)

Remains to show that

1
e = 5 (Lo — Tji)

For uniqueness, suppose
(Tij =)Sij + Aij = Sij + Ayj(= Tyj)
Then consider .
5T + Tia)
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A well known symmetric rank 2 tensor is the inertia tensor. Suppose body with density p(x) occupies
volume V' C R3. Each point in the body rotating at constant angular velocity w

Aw

p)

®,

So velocity of point x € V' is v = w x x. Total angular velocity about origin is:
L= / p(x)(x x v)dV
1%
:/M@kx@x@MV
1%
Using suffix notation
L'i = [ijw]'

(by Writing w; = (5ijwj)
where we have defined inertia tensor

Jlys = / p(x)(zpzKdi; — xix;) dV
v

where integral is taken over
V= {(x1,22,23) : x = x;€; € V}

Can show I;; is a rank 2 tensor

Prop. If T;; is symmetric then there exist choice of {e;} for which
a 0 0
(Tij) = (0 6 0O
0 0 v

The corresponding coordinate axes are called the principal axes of the tensor.

Proof. T/ = RTTR. See IA V+M

Moral. So can always choose set of axes so that I;; is diagonal.
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8.6 Invariant and Isotropic Tensors

Definition. We say that a tensor is isotropic if it is invariant under changes in Cartesian coords,
ie.

! —_— . .

ij...k — Rszgq 900 erqu‘..r

ij.. .k

for any choice of rotation R.

Prop. Isotropic tensors on R? are classified as:

(i) All rank 0 tensors isotropic

(ii) There are no non-zero rank 1 tensors

iii) The most general isotropic tensor of rank 2 is ad;; (a scalar)
iv) The most general isotropic tensor of rank 3 is Be;;i (8 scalar)
(v) The most general isotropic tensor of rank 4 is

00;50k1 + BOirdj1 + ¥0idk

(vi) The most general isotropic tensor of rank >4 is a linear combination of products of § and € (e.g.
0;j€kim

Proof. First is by definition. Consider different R to gather more information in the other
cases.

Method. Consider integral of form
Tij...k = / f(?")$il‘j T dV(X)
|x|<R

We can show that T;;.  is isotropic so then can use above result
Take R — oo corresponds to integrating over all R3.
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8.7 Tensors as Multi-Linear Maps and the Quotient Rule

Method. For a tensor T;; consider bilinear map ¢ : R3? x R? — R defined by
t(a, b) = Tijaib]‘

LHS well defined since RHS does not depend on which basis we use (it’s a scalar).
So rank two tensor gives rise to bilinear map.
Conversely, suppose ¢ : R3 x R® — R is bilinear, then for a given basis {e;} it defines an array T;; via

t(a,b) = t(a;e;, bje;)
= a;b;t(e;, €;)
= aibjTij

Can show if we use different basis {e}} with €] = R;,e, then by linearity
Ti,j = RipRjqTpq

So T;; is rank 2 tensor i.e. bilinear map ¢ gives rise to rank 2 tensor.

Moral. Have a one-to-one correspondence between bilinear maps and rank 2 tensors. In particular
if the map
(a, b) — Tijaibj

is genuinely bilinear, independent of basis, then T;; are components of rank 2 tensor.

Remark. Same idea works for higher rank tensors: if the map
(a, b7 A 7C) — Tijmkaibj .. Ck

genuinely defines a n-multilinear map (indep of basis) then T;; are components of rank n tensor.
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Proof. Take special case up..q = ¢p ... dq for vectors {c,...,d}. Then
Vi...j = T'i...jp...qcp S dq
is a tensor and in particular
Vi...5Q5 . .. bj = Ti...jpmqai 0oo bjcp 000 dq

is a scalar for each {a,...b,c,...,d}. So RHS is scalar (indep of basis) and gives rise to
well-defined multilinear map via

t(a, 000 ,b, ©yoooy d) = 1i jp...qQ4 - - - bjcp 600 dq

so by previous discussion, 7. jp...q is a tensor. [J
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